Multiple Model Adaptive Evasion Against a Homing
Missile

Robert Fonod* and Tal Shimaf
Technion - Israel Institute of Technology, 32000 Haifa, Israel

Multiple model adaptive evasion strategies from an incoming homing missile are pre-
sented. The problem is formulated in the context of an evading target aircraft having
imperfect information on the relative state and on the employed guidance law and guid-
ance parameters of the missile. The missile’s guidance strategy is assumed to belong in a
finite set of linear guidance laws and to be fixed throughout the engagement. Arbitrary-
order linear missile and target dynamics, bounded target control, and nonlinear kinematics
are also assumed. The filter used to identify the missile’s guidance strategy is a nonlinear
adaptation of the multiple model adaptive estimator, in which each model represents a pos-
sible guidance law and corresponding guidance parameters of the attacking missile. Specific
limiting cases are carefully analyzed in which the attacking missile uses proportional nav-
igation, augmented proportional navigation, or optimal guidance law. Matched optimal
evasions from these specific cases are also derived and fit into the framework of the multi-
ple model adaptive control approach. For the limiting cases, an alternative reduced-order
approach is proposed to save computational resources. Considering noisy bearing-only
measurements, the performance of the proposed evasion concepts is compared through a
Monte Carlo simulation campaign to the scenario when the target has full knowledge about
the attacking missile and the relative state.

Nomenclature
[0] = matrix of zeros with indicated dimension
agy = lateral acceleration, m/s?
aly = maximal maneuvering capability, m/s?
A B, C = state-space model of the linearized evasion problem
Ay, By, C),d.y = state-space model of the entity’s dynamics
f = nonlinear equations of motion
H = 1measurement matrix
J0 = cost function
ke = parameter used for linearization
N’ = navigation gain
P = number of possible regimes/filters
P = state covariance matrix
r = range, m
R = measurement covariance matrix
SMT = switching function
S = covariance matrix of the innovation sequence
t, tgo, tf = time, time-to-go, and final time, respectively, s
Ts = sampling period

*Postdoctoral Fellow, Department of Aerospace Engineering, robert.fonod@technion.ac.il.
T Associate Professor, Department of Aerospace Engineering, tal.shima@technion.ac.il. Associate Fellow ATAA.



Vi = speed, m/s

v = measurement noise vector

Uy = acceleration command, m/s?

T = state vector used for estimation

Yy = state vector of the linearized evasion problem

Y0 = entity’s internal dynamics state vector

Zk = measurement vector at time t;

Z1:k = measurement history up to time t;

X-0-Y = Cartesian reference frame

Z = zero-effort miss, m

« = ratio between the weight on the control effort and the miss distance
13 = target-missile relative displacement normal to the initial LOS, m
Y0 = flight-path angle, rad

Y = jth regime conditioned likelihood function

74 = probability that the jth regime is correct

n = vector of posterior probabilities representing PN, APN, and OGL
VI = innovation sequence of the jth regime

0(2.) = measurement noise variance

0 = normalized time-to-go

A = angle between the line of sight and the X; axis, rad
0,0 = design parameters of the reduced-order approach
() = first-order time constant, s

P = transition matrix

N = Gaussian distribution

u = set of possible missile guidance laws

") = approximated value

Q) = estimated value

Subscripts

0 initial values

k = step of the discrete time ¢,

A = along and normal to the line of sight

T, M, E = target, missile, and evasion, respectively
Superscripts

J = jth regime/filter

1 = normal to the initial line of sight

* = optimal solution

I. Introduction

Guidance laws for intercepting a moving target, such as aircraft in this study, have traditionally been
developed for one-on-one engagements. Usually, optimal control theory is applied, and perfect information
and linearized kinematics are assumed [I]. For example, proportional navigation (PN) is the optimal guidance
law for a scenario between an attacking missile with ideal dynamics and a non-maneuvering target [2]. The
same is true for augmented proportional navigation (APN), if the target performs a constant maneuver [3].
Taking into account first-order missile dynamics the well-known optimal guidance law (OGL) was obtained
by Cottrell [4]. In [5], this work was extended to arbitrary known target maneuvers. All these guidance
laws are linear and have the same general form of an effective navigation gain N’ (constant or time-varying)
multiplied by a zero-effort-miss term and divided by time-to-go squared.

In order to respond to the threat from homing missiles employing such guidance laws, a significant effort



was made to extend the protection capabilities of targeted aircrafts. Among the systems developed for this
purpose are electronic countermeasures (e.g., jammers) and various kinds of decoys (chaff or flares). Besides
these means of protection, an aircraft can perform an evasive maneuver, which can be either arbitrary or
optimally adjusted against the incoming missile. In case of random maneuvers, two types are suggested:
random telegraph [6l [7] and periodic sine or square wave maneuver with a random phase, in a frequency
that is matched to the interceptor’s navigation gain and time constant [} [9].

It is also possible to develop an optimal evasion strategy using optimal control theory tools, however
it requires information on the missile’s future behavior, i.e., its guidance law and guidance parameters.
Practically, it implies that the pilot is alerted that a missile of known type has been launched against his
aircraft. A case study where such a problem was formulated as a one-sided optimal control problem against
a PN-guided missile was presented in [T0HI2]. In these works some simplifying assumptions were applied,
such as two dimensional analysis and constant pursuer and evader speeds with bounded maneuverabilities.
Nonlinear engagement kinematics along with assumptions on first order missile dynamics were considered for
the problem formulation in [I1]. A numerical solution was presented over a set of various initial engagements
conditions. In [I2] a linearization around the collision course was made assuming ideal missile dynamics.
This study was extended in [I0] to a nonlinear model. The resulting optimal evasion strategies obtained in
the above works were found to have a bang-bang structure, i.e. applying maximum available acceleration
normal to the line of sight (LOS) for a given period of time.

Although there has been substantial work in the literature on target evasion, most of the research con-
centrated on PN guided interceptor missiles, which leaves the strategies against other missile guidance laws
lacking. In a recent work of [I3], optimal evasion strategies for a target aircraft from a homing missile em-
ploying a linear guidance law was derived. The problem was analyzed for arbitrary-order linear missile and
target dynamics, bounded target controls, and assuming perfect information. The underlying assumption in
this solution is that the missile’s guidance strategy is exactly known to the target. Furthermore, the lack of
appropriate guidance law and guidance parameter identification solutions greatly reduces the utility of the
available target-evasion strategies.

Motivated to enhance aircraft survivability in situations where the relative state and the missile strategy
are not exactly known, a multiple model adaptive evasion strategy is proposed which greatly relaxes the
assumptions made in [I3]. It is assumed that the missile is chasing the target using one of a finite set of
linear guidance laws and guidance parameters, which is referred to as “regime” or “mode”. Each such regime
generates different missile acceleration commands and will therefore result in different missile trajectories.
The active regime has to be identified first. In this paper, an extended Kalman filter (EKF') based multiple
model adaptive estimator (MMAE) approach is used to identify the missile’s active guidance strategy. Similar
approach was used in [I4] to design a cooperative multiple model guidance for an aircraft defending missile.
In the MMAE approach, each model in this scheme represents a possible guidance law and corresponding
guidance parameters of the attacking missile. The idea is to run a bank of filters in parallel, with each filter
matching a different possible regime. The estimation is then a weighted sum of the state estimates from
each individual filter in the bank, and the weights represent the probability of each regime being correct
based on the measurement history. The regime probabilities at each time step are updated based on Bayesian
inference, using the previous time step’s regime probabilities and the regime-conditioned likelihood of the new
measurement. For each considered regime, an optimal target evasion law is paired. Each optimal evasion
law is derived based on a linearized model, but implemented in the nonlinear setting. The final optimal
target maneuver is computed in a multiple model adaptive control (MMAC) framework using the posterior
probabilities of each regime being correct. In the MMAC approach, the estimation of each elementary filter is
fed into a “controller” (matched optimal evasion strategy in our case) matched to the filter’s specific regime
and the total scheme control command is then determined by the minimum mean square error (MMSE)
criterion or maximum a posteriori probability (MAP) criterion. Additionally, a set of “classical” missile
guidance laws such as PN, APN, and OGL, as well as the corresponding optimal evasion strategies from
these laws are presented. For these classical guidance guidance laws, an alternative reduced-order approach
is proposed to reduce the computational burden of the full-order MMAE. In this reduced-order approach,
the number of MMAE regimes is reduced to maximum three. Each regime represents one of the classical
guidance laws, i.e., PN, APN, or OGL. The corresponding guidance parameter is treated as an unknown
parameter that has to be estimated.

From observability point of view, if only LOS angle measurements are available, the quality of the
estimation of the relative state depends upon the intercept trajectory, which is reflected by the system



observability. For example, proportional navigation attempts to null the LOS rate and consequently range
and range-rate are not observable [I5]. So, in case of bearing-only measurements, the range can be hardly
reconstructed from LOS measurements. This, in turn, might result in poor evasion performance. The
bearing-only target tracking problem with application to missile guidance has been largely studied in the
past [I6HIg]. Contrary, there exist only scarce open literature on guidance law and guidance parameter
identification using bearing-only measurements. Nevertheless, identifying a highly maneuverable missile in
the presence of missile maneuver uncertainty and noisy measurements is still a challenging problem and is
limited by the estimation performance. A solution to improve range observability is to maneuver away from
the collision triangle [I9], this causes the LOS to rotate which then will give some insights on the relative
range. These principles are also incorporated into the proposed evasion strategy.

The remainder of this paper is organized as follows. The next section presents the mathematical models
of the missile-target engagement. The optimal target evasion strategy is presented in Sec. [T} followed by
the derivation of a multiple model adaptive control based evasion strategy in Sec. [[V] A comprehensive
performance analysis of the proposed approach is presented in Sec. [V followed by concluding remarks.

II. Mathematical Models

This section presents the full nonlinear kinematics and dynamics equations of the missile-target evasion
problem, which will serve for analysis. Then, linearized equations, used for the derivation of the optimal
target evasion strategy, are presented. Measurement models and considered assumptions are also discussed.

A. Nonlinear Kinematics and Dynamics

The studied problem consists of two entities: an evading target aircraft and an attacking missile. Next, for
brevity, the target aircraft is referred as target and the attacking missile as missile. The engagement will be
analyzed in two-dimensions. In Figure[]a schematic view of the planar point mass missile-target engagement
geometry is shown, where X - Oy - Y represents a Cartesian inertial reference frame. The missile and target
related variables are denoted by the subscripts M and T, respectively. The speed, acceleration, and flight-
path angles are denoted by V', a, and ~, respectively; the range between the missile and target is r, and A
is the angle between the LOS and X axis.
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Figure 1: Planar missile-target engagement geometry

Neglecting the gravitational force, the engagement kinematics, expressed in a polar coordinate system
(r,\) attached to the missile, is:

7=V, (1)
A=/, (2)



where the relative velocities along and perpendicular to the LOS are

Vi = =Varcos(ym — A) — Vip cos(yr + A), (3)
»=—"Vu sin(’yM — /\) + Vr Sin(’yT + )\) (4)

The running time is denoted as t. The endgame initiates at ¢t = 0 with (¢t = 0) < 0 and terminates at ¢t = ty,
where
ty = arginf{r(t)r(t) = 0}, t>0, (5)
¢

allows to define the time-to-go by
tgo Ztp —t. (6)

At t = ty, the missile-target separation r(¢s) is minimal and is often referred to as “miss distance”.
During the endgame, the missile and the target are assumed to move at a constant speed and to perform
lateral maneuvers only. Moreover, arbitrary-order linear missile and target dynamics are assumed, i.e.,

Y, = Aiyi + Bju,
a; = Cyy; +dyu; i={M,T}, (7)
i =a;/V;

where y, € R™ is the internal state vector of the ith entity’s dynamics, a; and u,; are the ith entity’s
acceleration and acceleration command, respectively. It is also assumed that the target’s maneuver capability
is limited to |ur| < a**. In Eq. @, the term C,y; is denoted as a;s and represents, if it exists, the part
of the acceleration with dynamics (for example, an angle of attack generating lift). The second part of the
acceleration, i.e. d;u;, represents the direct lift, which can be obtained immediately from deflection of the
steering mechanism such as the canard or tail (neglecting servo dynamics).

The missile and target accelerations normal to the LOS, routinely used in guidance logic, are denoted by

ai; and a7, respectively, satisfying

any = an cos(ya — A), (8a)

aF = ar cos(yr + \). (8b)

Note that in Eq. , and in the remainder of this paper, bold-italic is used to represent matrix or vector.

B. Linearized Equations of Motion

If during the endgame the missile and target deviations from the collision triangle are small, then the
linearization around the initial LOS is justified [I]. In Fig. the linearized planar geometry and the
corresponding kinematics variables are depicted. The X-axis, aligned with the LOS used for linearization,
is denoted as LOSy. The relative displacement between the target and missile normal to this direction is &.
Under linearization assumption, aj/[ and a% are approximated by

ayr ~ karan, kar = cos(varo — Ao), (9a)
ar ~ krar, kr = cos(yro + Ao), (9b)

where the subscript ”0” denotes the initial value around which linearization has been performed. It is
assumed that the missile is launched in a colison course, i.e., that |ya0 — Ao| < 7/2 and |yro + Ao| < 7/2.
During the endgame, the missile and target are assumed to move at a constant speed. Thus, once a
collision triangle is reached and maintained, the speed V, is constant and the interception time ¢; can be
assumed fixed and approximated by
l?f ~ *’r‘o/‘/r (10)

Let us define the state vector y of the linearized missile-target evasion problem as

T ) T
y=ln w ol i 2l & ol of
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Figure 2: Linearized planar missile-target engagement geometry

Then, the missile-target equations of relative motion normal to LOSy can be expressed as

U1 = Y2

Y2 = krar — kyran
Y = AmYy + Buun
Yr = A7y + Brur

(11)

Using Eqgs. and @, the above equations can be rewritten into a matrix form as

Y = Ay + Bug + Cuyy, (12)
0 1 [0]1><TLJVI [0]1><71T 0 0
A— 0 0 —knCum krCr . B-= dr . C= rldM ’
[O]HM x1 [O]WM x1 A [O]nM xnr [O]TLM X1 kM By
[0]nT><1 [0]nT><1 [O]HT XM p AT k;lBT [O}nTxl

where [0] denotes a matrix of zeros with a given dimension, u3; and uF: being, respectively, the missile and
target acceleration commands normal to LOSy. Note that the command uf-,z' € {M,T} is related to u;
analogously as aj is related to a;, see Eqgs. and @D

C. Measurement Model

The target is assumed to be equipped with an electro-optic seeker and/or a radar. Thus, one may measure:
a) both r and A, or b) only A, i.e., bearing-only measurement. The discrete-time measurement vector
zr € R™# is assumed to be acquired at a given sampling time 77" and being corrupted by a zero-mean
mutually independent white Gaussian noise sequence vy, € R™=. The measurement model, when all possible
measurements are available, is

Tk

zp = Hxy, + vy, = + vy, (13)

k

where
v ~ N([0]n.x1, R), R = diag(c?,03),

x}, is the relevant state vector (being defined later) at discrete time ¢, and H is the appropriate measurement
matrix. If r; is not available, the appropriate row is eliminated from H and the appropriate row and column
are eliminated from R, respectively.



III. Optimal Target Evasion

In this section, the nonlinear implementation of the optimal target evasion strategy from a missile em-
ploying a linear guidance law is presented.

A. Missile Guidance Law

In this paper, a family of linear guidance laws, commonly derived under the assumption of linear kinematics,
perfect information, and unbounded controls, is considered [I]. This common practice resulted in a class
of guidance laws, which all have the same linear form as a function of the missile-target linear state y and
eventually the target’s control uz, i.e.,

Uﬁ = K(tg0)y + Kuy (th)u%7 (14)

where
K(tgo):[fﬁ Ky, Ky KT}'

Note that Eq. represents a wide variety of linear guidance laws. In the next two sections, a set of
“classical” missile guidance laws such as PN, APN, and OGL as well as the corresponding optimal evasion
strategies from these laws will be presented.

Remark 1. In Fq. , it s assumed that the missile’s current controller may be dependent on the target’s
current controller. Actually, if the missile uses an optimal-control based guidance law, then the underlying
assumption in its derivation was that the target’s controller is known not just at the current time but also
from the current time until the end of the scenario [13].

B. Optimal Evasion Problem - Linear Setting

Using the equations of motion (EOM) of the linearized missile-target engagement, see Eq. , together
with the general form of the linear missile guidance law, see Eq. , the EOM of the one-sided evasion
problem are obtained

y=Ag(tg)y + BE(tQO)U%v (15)
where
0 1 [0]1><7LM [0}1><VLT
Ap(ty) = _—1dMK1 _—1dMK2 _kMCM_l— dy K v kTC_II“ —dyKr 7
kMBMKl k‘MBMKQ AM+kMBMKM kMBMKT
[O}nTX:L [O]nTX:L [O]nTng AT

T
Bi(ly) = [0 dr —dyK., ky'BYK,., k'BY)
Based on Eq. (15]), the optimal target evasion strategy from Eq. has been derived in [I3] and is briefly
recalled in the following theorem.

Theorem 1. The optimal target evasion strategy from a homing missile employing a linear guidance law of
the form of Eq. , maximizing the following cost function

e = yi(ts)/2 (16)

subject to the EOM of of Eq. and under the constraint that the target’s control |up| < a}**® is bounded,
is given by
uz* = at™sign(sarr)sign(Zasr), Zyr(0) £ 0, (17)

where spsp is the switching function and Zpsr is the well-known zero-effort-miss (ZEM) distance given by,
respectively,

spur = Dp®g(ty,t)Be(tg), (18)
Zyur = Dp®g(ty, t)y, (19)



and Dg being a constant vector
Dp=[1 0 [Oicny [Oixne]- (20)
The transition matrix ®g(ts,t), associated with the homogenous solution of Eq. , having the structure

(1)11 @12 ’*le élT
Dy1 Doy Pay Por

‘I’E(tf7t)=q>E(t )= ) (21)
7 P31 P32 Psuw Par
Py Pio Pam Pur
satisfies )
Pp(tyt) = —Pp(ty,t)Ap(ty),  Pe(tyty) =1 (22)
In Eq. , a%m‘” is a projection of the target’s maximum lateral acceleration a7/*® in the direction per-
pendicular to LOSy, and is given by: a7™% = krae*.
Proof. The proof of Theorem 1 can be found in [I3]. O
Remark 2. If the engagement is initialized in the singular region, i.e., Zpyr(0) =0, or if Zpyr(t) =0, t > 0,
then it was suggested in [13] that the optimal evasion strategy uz* should be chosen as either a+™* or

—a£™ . In fact, if the missile employs OGL homing strategy with o = 0 (for more details about c, see the
discussion in Sec. [[WB)), then the target has no chance to escape and thus Zyr(t) =0 for any t.
It was also shown in [13] that if the optimal evasion strategy uz* is used within the linear setting, the
optimal ZEM dynamics, i.e., Z3;p, is governed by
ZXlT = Sign(Z]\/[T) |5MT| a%_mam' (23)
Consequently, |Zys7| is a monotonically increasing function of time, satisfying Vt € [0,ty]
sign(Zyr(t)) = sign(Zur(ty)),  Zur(0) #0. (24)

Defining m = fg T |sprr|axma%dt, the expected (under the assumption of linearity) miss distance is obtained
as follows

Miss(exp) = |y1(t5)| = |Zmr(t5)] = |27 (0)] + m. (25)
The consequence of Eq. is that Zy/p does not change its sign during the engagement. Therefore, if
Lx

Zyr(0) # 0 is known, the only parameter needed for the computation of the optimal target control uz* is
the time-to-go t4, that is used to evaluate the sign of switch function spr(t4,). However, this is only valid
if the linearization assumptions hold.

Remark 3. The optimal target evasion strategy of Eq. was derived under the assumption of unbounded
missile control command uy;. It was shown in [IZ] that if the missile acceleration az; or ui; are bounded,
then in order to exploit the missile’s saturation the target maneuver switches should occur earlier in the

engagement.

C. Nonlinear Implementation

Based on Theorem [I] the target’s optimal evasion strategy is a closed-loop guidance law in which the target
needs to compute syr(tgo) and Zarr(t). These variables are in general functions of the time-to-go ¢4, and
the linear state y. To implement such evasion strategy within the nonlinear setting, u* must be projected
in the direction normal to the target’s velocity vector, denoted as uw}.. Assuming small deviations from the
collision triangle leads to kr/ cos(yr + A) ~ 1, hence u}. can be approximated as

u%* max

~ arp
)

—_— i ign(Z Z . 2
oy S s ar)sien(Zur), Zar(0) £ 0 (26)

up =

Once a collision triangle is reached and maintained, the speed V;. is constant and the approximation of

the interception time tf, given by Eq. , can be assumed fixed throughout the engagement. Therefore,
the relevant components of ®(tr,t), needed to determine sy (tgo), can be precomputed off-line.



Note that Zp;pr, given by Eq. , is a function of the linear state y. The displacement £ normal to
LOSy can be expressed at any time by

& =rsin(N), (27)
where A = X — \o. Differentiating Eq. with respect to time, yields

£ =V, sin(A) 4 Vi cos(A). (28)

Using the above expressions, Egs. and 7 for the computation of Zy;7 replaces the dependency on &
and £ by the kinematics variables V,., Vi, r, and A. Moreover, assuming small deviations from the collision
triangle, thus A — \g = 0, the relative displacement £ can be assumed zero and the time derivative f can be
approximated as 5 = V.

Remark 4. As outlined previously, |Zyr| is monotonically increasing in time only if the linearity assump-
tions hold. If these assumptions are violated or if uncertain states are used to compute Zyrr, then Zyr might
change its sign during the evasion. Such phenomena might result in unnecessary switches of uw}., which con-
sequently might lead to undesired reduction in the resulting miss distance. This phenomena is obviously not
appreciated and a workaround will be discussed in Sec. [VID|

Remark 5. It is obvious that if the collision triangle changes its geometry throughout the engagement
(requiring relinearization), the transition matriz ®g(tg,), used to determine the optimal switches syrr(tgo)
and the ZEM distance Zyr(t), is not necessary the optimal transition matriz. Thus, one may consider to
recompute ® g (ty,) every time when a significant change in the linearized collision geometry is observed.

IV. MMAE for Missile Identification

The underlying assumption of Theorem [I]is that the missile’s guidance strategy is exactly known to the
target. In this section, based on Magill’s pioneering work [20], a multiple model online identification scheme
is proposed to identify the employed missile guidance law and all the parameters (relative state and time-
to-go) required for the proper implementation of the evasion strategy given in Sec. E The set of “classical”
missile guidance laws, used to validate the proposed evasion strategy in Sec. [V} is also presented. Finally,
an alternative reduced-order approach is proposed to save computational resources.

A. Multiple Model Adaptive Estimation

In the multiple model estimation approach, it is assumed that the system operates in one of a finite number
of models. The operating model is often called as mode or regime of the system. If the regime that the
system obeys is fixed, that is, no switching from one mode to another occurs during the estimation process,
then the static multiple model estimator, also known as the MMAE approach, is considered [20} 2T]. While
the model that is in effect stays fixed, each model has its own dynamics, so the overall estimator is dynamic.

Let’s assume that the guidance strategy uj,s of the missile, being fixed throughout the engagement, is
one of p possible ones (the system operates in one of p regimes)

UM GU:{u}w,...,u’j/[}. (29)

Each guidance strategy uj, is characterized by a set of five parameters {K{ ,Kg,KgVI,KJf,KzT}. These
parameters exclusively define the jth regime and can be functions of ¢4,. Each such regime will generate
different missile acceleration commands uy;, defined by the linear guidance law of Eq. , and therefore will
result in different missile trajectories. If the target-related parameters such as y, yr, and Vr are assumed
to be known to a very high accuracy (via some navigation system), then, based on the constant missile speed
assumption, the jth regime dynamics is governed by the following set of nonlinear equations

ro=V

A =W/r

Yrr = Amyy + Byl : (30)
e = (Cayay + dardy) [ Vin

V=0




where V. and V) are given by Egs. (3) and (4)), 1respectlvely7 and v’ v is the missile’s acceleration command
obeying the jth regime defined using Eqs (14 . and ( . as

K{r sin(jx) + Kg (VT sin(S\) + Vi cos(S\)) + ngyM + KjfyT + KgTuJT-

Ji 31
Wy COS('YM _ )\) ( )

The discrete-time version of Eq. , used for MMAE design, can be compactly rewritten as
@ = fly (@r1,ur), (32)

where @), 2 [r, A, y%,, var, Var]T is the state vector at time tj, = kT, Ty > 0 used for estimation, f7, | is a
vector function derived by integrating of Eq. from t;_1 to t, and j is the particular regime.

Remark 6. In the above model, an assumption has been made that the parameters of the missile dynamics,
e., Ay, By, Cyr, and dyr, are known exactly. If this is not the case, the missile dynamics can be
approzimated by e.g., a first-order strictly proper dynamics, i.e., Ayy = —1/17r, By = 1/70y, Cpp = 1,
dyr = 0, and the uncertainty on Tar can be treated in two different ways: a) several values of Tpr can be
represented as different regimes and the problem can be addressed in the same way as the guidance law
uncertainty is addressed, or b) Ty can be added as a constant state in Eq. similarly as V.

As the engagement model in Eq. is nonlinear, a mode-matched EKF is used to calculate the state
estimate, %7, and the associated regime probability, p/, assuming the jth regime being correct, see [14] for
more details. Note that other nonlinear filtering techniques, such as particle filter [22] or unscented Kalman
filter [23], can be utilized for this purpose as well. The main idea is to design and run in parallel a bank of
p filters, each matching a different regime j. Then, the regime probabilities at each time step are calculated
based on Bayesian inference, using the previous time step’s regime probabilities (weights) and the mode-
conditioned likelihood of the new measurement. Starting with the initial probability pf) that uf, is correct
(missile employs u?w), ie.,

Prob{u),|Z0} = i, Vi e{l,...,p}, (33)
where Z; is some information known a priori, Z§:1 ,ug = 1 since the correct law is among the assumed

p possible ones, then using Bayes’ rule, the posterior probability, given the measurement data zi. =
{z;;i=1,...,k} up to time k 1, is given by the recursion [21]

p(zk|Z1:8— 1,uM)Prob{uM|z1k 1}
(Zk|zlk 1)

i, 2 Probu |21} = (34)

Using the initial probabilities of Eq. and applying the total probability of Eq. results in the following
weight update formula for time k

, Ai ,ui 1
i .
Wy, = - vy e{l,...,p} (35)
Zn AZ l . ) ’ ) ’
where Ai 2 p(zi|z1k-1, ug\/[) is the jth regime-conditioned likelihood function calculated using the jth filter
innovations process statistics. Under the linear-Gaussian assumptions, Aj, is Gaussian and given by

AL = p(vh) = NW: 0.1, 1), (36)

where 1/,(;, and S¥ are the innovation and its covariance from the jth mode-matched filter. Tt is obvious that

pi. > 0 and that >>%_, p4 = 1. In a nonlinear and/or non-Gaussian setting, Gaussian likelihood functions
are used, although they are clearly approximations [21].

Remark 7. The fized missile guidance law assumption, i.e., that the missile does not switch between guidance
laws throughout the engagement, is a very realistic assumption for the endgame. If this assumption does not
hold, a dynamic multiple model estimator can be derived based on the interacting multiple model (IMM)
approach [18,[21)]. The IMM allows transitions between regimes, but the probabilities of these transitions are
needed to be known.
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B. MMAE for Classical Missile Guidance Laws

Among the large family of linear guidance laws, special attention is given here to the most well-known
guidance laws of PN [2], APN [3], and OGL [4]. These guidance laws are more widely known in the following
nonlinear form: (rather than in the form of Eq. (31))

i =N— ) PN, APN L
Upg ztgo COS(’)/M _ )\)7 (S { ’ 7OG }7 (37)

where N’ is the effective navigation gain and Z is the missile’s ZEM distance. The expression for the ZEM
distance is different for each guidance law, as it is dependent on the model used and assumptions made
regarding the future target maneuvers.

Remark 8. In the above context, the ZEM represents the missile-target separation normal to LOS, at the
final time tg, i.e., yi(ty) = &(ty), which will be obtained if the attacking missile does not apply any control
from the current time onward and the target aircraft continues employing the expected maneuver strategy
that is known to the missile.

o PN-Guided Missile

Under the assumptions of ideal missile dynamics and no target maneuver (i.e., u%(t) = 0,Vt > 0), the
obtained missile guidance law guaranteeing zero miss distance is PN with

9 3
ZpN = —Vrtgo)\, (38)

where A is given by Eq. . If Nppy = 3, this guidance law minimizes the control effort.

o APN-Guided Missile

Extending the results to the case in which the target is assumed to perform a constant maneuver (i.e.,
uz(t) = const., Vt > 0), APN was obtained with

ZapN = ZpN +ar cos(’yT—l-)\)tfw/Q. (39)

o OGL-Guided Missile

Additionally assuming that the missile’s closed-loop acceleration dynamics can be approximated by a first-
order strictly proper transfer with a time constant 75,, OGL was obtained with

Zoar = Zapn — Tard(0)anrs cos(yu — A), (40)
where the normalized time-to-go 6 and the function §(6) being

0= th/TM, (41)
50)=e"+06-1. (42)
The navigation gains of PN and APN are constant, whereas that of OGL is time-varying, i.e.,

2
Nbor(6) = 20
3460 — 662 + 203 — 3e—20 — 1200 + 6a/73,’

(43)

where « represents the ratio between the weights on the control effort (integral of the acceleration command
squared) and the miss distance in the quadratic cost function Jogr used in the OGL formulation:

ty
b 1
Joar = gu(ts) + 5 [ onreostiam = o)) dt, b2 1/a. (44)
0

Note, letting a — 0 yields to a perfect intercept requirement. If the missile has a first-order strictly
proper dynamics and if the missile will be provided perfect (or even relatively precise) measurements on
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the relative state, then the target has no chance to escape, no matter what maneuver it applies or what
the initial conditions are. This is because OGL was designed taking into account such missile dynamics
and assuming unbounded control [I3]. In such a case, the aircraft survivability can be enhanced only by
denying the missile such “perfect” information or by using a defender missile to intercept the incoming thread
[13] 14, 24]. Therefore, the case when « = 0 is out of scope of this paper.

In order to fit the classical guidance laws, introduced earlier, into the MMAE scheme of Sec. [[VJA] it is
required to define a set U, of possible regimes, as in Eq. , as follows

Ue = {“ﬂN (NIIDN € N/PN) v <NAPN € NAPN) ,uff (e d)} : (45)
where ) " / o (
N\ ! ’ 1 N ! ’ _
Npy ={Ni§, NS Ny = {NJPy - N, a={a),.. o)}

represent the sets of considered navigation gains for PN and APN and the set of a parameters for OGL.
Overall there are p = Zle p; regimes. For each regime it is necessary to construct the mode-matched EKF
and run all the p filters in parallel.

C. Reduced Order MMAE for Classical Missile Guidance Laws

It is obvious that if the total number of considered regimes p is too large, it might pose some severe com-
putational challenges. Identification of the above presented classical missile guidance laws requires the
identification of the ZEM (either Zpyn, Zapn, or Zogr) and the navigation gain (either Npp, N/yjpy, OF
Nber)- With regards to the navigation gain, in the case of PN and APN the requirement is to identify
its constant value, whereas for OGL the requirement is to identify «. This special structure of the classical
guidance laws, see Eq. , allows to reduce the computational burden of the MMAE algorithm by reducing
the total number of regimes to p = 3. Thus, a reduced set U of possible regimes is defined as follows

= {“ (Npn) s unt ™ (Napy) , uff ™ (@)}, (46)

where the guidance parameters Npy, Nypy, and « are treated as unknown system parameters that need
to be estimated. This can be easily incorporated into the existing MMAE scheme of Sec. [[VJA] by adding,
respectively, Np ., Ny pr, and v as a constant state (similarly as the constant missile speed Vi, i.e., Var = 0)
into the EOM given by Eq. for each regime. For more details on parameter estimation see e.g., [21].

V. DMultiple Model Adaptive Evasion

In this section, the proposed MMAE scheme of Sec.[[V]and the optimal target evasion strategy of Sec. [[I]
are combined in a MMAC (multiple model adaptive control) configuration, followed by the derivation of
specific optimal target evasions from the classical missile guidance laws. Finally, the MMAC adaptation to
the reduced-order problem of Sec. is given and some implementation issues are discussed.

A. MMAC-based Target Evasion

In the MMAC approach [25], the state estimate of each elementary filter is fed into the “controller” which
is paired with the filter’s specific regime. In our case, the paired “controller” corresponds to the optimal
evasion strategy matched to the filter’s particular regime. ThlS framework fits our missile-target evasmn
problem as each regime j in the MMAE approach of Sec. [[VIA| corresponds to a known missile strategy u),,
thus an optimal evasion strategy u;?, matching v}, can be easily derived based on developments presented
in Sec. [0} Finally, the total target control command ur is determined in the MMAC sense by one of
the following approaches: a) MMSE - minimum mean square error, or b)) MAP - maximum a posteriori
probability.

In the MMSE approach, ur is a weighted average of controls from each filter-matched controller in the
bank. The weighting is based on filter-matched controller’s posterior probabilities i, j = 1,...,p. The
target acceleration command at time step k can therefore be calculated as

(mmse) Z ,LLkuT 7 (47)
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where

u;] = a?amsign(sﬂ/lT)sign(ZfQT), (48)

s?wT and Z%/[T represent, respectively, the switching function of Eq. and the ZEM distance of Eq.
of the jth regime, both evaluated using the jth regime-conditioned state estimate 53?4 5 at time step k.

In the MAP criterion sense, ur is determined as the control associated with the maximum a posteriori
probability, i.e.,

WP =, j = argmax (), (49)
i€{1,...,p}

Note that unlike the MMAE approach, the MMAC approach is heuristic (an approximation), but seems

to yield good performance when a controller can be matched to each possible regime [14] 26].

B. Optimal Evasion from Classical Missile Guidance Laws

Here, specific optimal target evasion strategies, matched against the classical missile guidance laws of PN,
APN and OGL, are derived. The derivation can be extended to other missile guidance laws using the same
formulation and similar derivation steps, unless they comply with the linear form of Eq. .

First, up; of Eq. need to be expressed in the general linear form uy; of Eq. which was used in
the derivation of the optimal evasion strategy in Theorem [I] Assuming small deviations from the collision
triangle, the displacement £ normal to LOSy can be approximated by

Ex=r(A— o) (50)
Differentiating Eq. with respect to time yields
E+ Etgo = —Vit2 A (51)

It can be seen that the right hand side of Eq. is actually identical with the expression for Zpy in
Eq. (38). Armed with the above expression, K (ts,) = [K; K, K) Ky|and K,, can be easily defined
for PN, APN, and OGL-guided missiles as follows:

e Fvasion from PN-Guided Missile

K, = Npy K, = NPN, Ky = [0]1><nM7 Kr = [Ohxnw K“T =0.

2
2, tgo

e Fvasion from APN-Guided Missile

N/ N/, N/ Cr
Kl = %I:N7 K2 = ?;:Na KM = [0]1><nMy KT = kT AEN K

e Fvasion from OGL-Guided Missile

N/ [ N/ 6 N/ 0)d
K, = Ot%L( )’ Ky = OtGL( )7 Ky, = OGLQ( ) T
go go
N/ 0)6(0)C N/ 0)C
Ky = —ky OGL(G)Q( ) Mo Ko o=k ocL2( ) T

Now, for all v}, € U. (or w}, € UL, if the guidance parameter N” or « is known/identified), the optimal
switching function s%,, and the ZEM distance function Z7,;. can be determined by solving the following set
of differential equations in reverse time:

d®q1

T &1k BuKy — ®12dy Ky, ®11(0) =1
go
dd
i 2 = @ yky) Barks + @11 — 12dy Ko, $15(0) =0
i g0 (52)
dth = QIM(AJ\J —+ k]T/[lBMKM> - @12(kMCM + dMK]\/[)v (PIM(O) = [0]1><nM
go
d® _
g7 1T _ ‘I’leMlBMKT + &7 A + ‘I)12(kTCT — dMKT)7 <I)IT(O) = [0]1><7ZT'
go
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It can be noticed that in the above cases Ko = Kitg, and that the first two equations of Eq. are
independent from the last one. This allows the first two solutions of Eq. being related as

Dy = Pyityo, (53)

and thus reduce the number of equations needed to be solved in Eq. to three. For all three classical
guidance laws, the expression for Zy;r has the same form and is given by

Zyr = =P Vit2 A+ @iy + Piryy. (54)
The switching function given in Eq. , for arbitrary order dynamics, yields
syt = Pro(dr — dy Koy ) + ®iarky; By Koy + ®170ky By (55)

Finally, for each classical guidance law u?w € U,, an optimal (matched) evasion strategy u;j of the form of
Eq. can be obtained using Eqgs. and , together with the corresponding solution <I’jé to Eq.
matching the particular regime. It is important to note that sp;r is purely a function of t,,. Thus, more
accurate tg, estimation yields to more precise timing of the required switches.

Remark 9. The set of equations in Fq. can be solved numerically, see [27] for more details. For special
cases in which it is assumed that the target has ideal dynamics and the missile has first-order strictly proper
dynamics, closed-form solutions have been derived in [I2, [13] for PN and APN-guided missile with integer
valued navigation constant N'.

C. Target Evasion Based on Reduced-order MMAE

It is obvious that the reduced-order MMAE approach proposed in Sec. cannot be used within the
MMAC setting as the three regimes defined in Eq. are functions of the unknown parameters Npy,
N/ py, and a. Thus, a matched (optimal) evasion uy! against any ugw € U7 can be only computed when the
corresponding parameter (Np,, N py, or ) has been identified. This leads to the following reduced-order
evasion strategy:

ey _ | 0O if 1l #£1,V5 € {1...p} OR ty > 20 x 75307, 56)

0a7*"sign (s}, ) otherwise,

where sg\/[T is the switching function of Eq. corresponding to the identified guidance law, i.e., PN, APN,
or OGL, computed as in Sec. using the respective estimated parameter Npy, N/py, OF o, taken at
time step when the “if” condition in Eq. was first time violated. The design parameter ¢ can be chosen
arbitrarily as +1 and defines the target’s initial maneuver direction, 77" stands for the largest time constant

of the missile dynamics, and g is defined as
0= gsign(sng(tgo > 20 x 714%%)) (57)

to ensure that, if the guidance law j has been identified early enough, the resulting evasion strategy will
follow the switches dictated entirely by s},,. The condition 20 x 77}%* is enforced in order to allow extra
time to the estimation scheme to converge to the correct parameter Npp, N py, or . This is reasonable
as the target switches occur at the very end of the engagement.

Note that any target maneuver direction switch (switches) occurring earlier than ~ 20 x 77;%* has
a negligible effect on the resulting miss distance, but it might have a severe impact on the estimation
performance, especially when bearing-only measurements are considered.

D. Implementation Issues

For practical implementation of the target’s evasion strategy (as well as missile’s guidance law), the time-
t0-go t4,, defined in Eq. @, is commonly approximated as

tor —1/Vy, V. <. (58)
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It has to be noted that observability in engagements with bearing-only measurements is a crucial factor
in any guidance loop [19, [28]. If collision course conditions hold, i.e., the missile and target stay on the LOS,
the range cannot be reconstructed from bearing-only measurements. A poor range estimation might result
in inappropriate timing of the optimal switches dictated by sp;r and thus in a poor evasion performance.
The only way how to improve fgo accuracy is to improve range observability. Maneuvering away from the
collision triangle, i.e., forcing the collision triangle to rotate, can improve the performance of the estimation
process because, by altering the line of sight, the bearing measurement will return some insights on the
relative range [19].

As outlined in Remark {4} Zpr(t) might cause chattering of w4.. This chattering might happen when
Zyr(0) = 0 and uncertain states are used to compute Zpr (practical implementation). Such unwanted
chattering of up (non-optimal bang-bang maneuvers) leads to a non-rotating collision triangle, thus poor
range estimate and reduction of the achievable miss distance. A workaround to solve this problem is to use
a dead-zone-like function applied on the sign of Zp,r(t). By this, if

|Z]V[T(t)| < €, (59)

i.e., the ZEM distance is smaller than some prescribed value €, the target will not change the direction of its
maneuver command, unless the sign of syrr(t40) is changed or |Zar(t)| > €. Note that in the linear setting,
|Zprr(t)] is a monotonically increasing function of time, see Eq. . Thus, by letting € — oo, it is actually
assumed that the monotonically increasing property also holds for the nonlinear engagement. In that case,
the nonlinear evasion strategy of Eq. reduces to

wh &2 ap*sign(spr)sign(Zayr(0)), Zyr(0) # 0. (60)

If Zpr(0) = 0, the evasion strategy for wf.(0) can be chosen arbitrarily as either uJ%® or —u/o®
sign(Znr(0)) £ sign(ui(0)) should be assumed fixed in Eq. throughout the engagement.

Let us now consider the above discussions within the MMAC configuration. Each “controller” in the
bank has its own switching function s}, entirely defined by ®7%,, pre-computed off-line using the u}, being

, and

correct assumption. Each s/, is evaluated based on its own ¢4, estimate, which is calculated using Eq.
and ﬁcilk. To avoid chattering when Z%/[T(O) ~ 0 for all j € {1,...,p} (this can happen when all the
filters in the bank are initialized with the same initial guess. Then, after the first measurement update,
Z37(0) = Z4,1(0),Vi, j € {1,...,p} since zq is the same for all filters), u;’ should be initialized with the
same value (u** or —u*") for all j. By this, up computed using MMSE or MAP approach will not be
affected by the initial transitions (convergence) of the probabilities ,ui. The probabilities will not play any
role until the first switch occurs in any sg\/[T. Overall, this implementation ensures that the resulting target
command ur, computed by Eq. or Eq. 7 will have a bang-bang structure and also it ensures that,
in order to enhance observability, the best option is to maneuver away from the collision triangle.

The reduced-order approach, given in Sec.[VIC] is designed such that it is not affected by initial chattering.
However the estimation problem is more challenging as there is an additional uncertainty on the guidance
parameters, i.e., on Npy, Niypy, and «, respectively. Therefore, one must ensure that the estimated
guidance parameters, along with the estimated state and ¢4, approximation, have reasonable accuracy. A
way to reduce noise in the guidance parameters is to apply a moving average on them.

VI. Performance Analysis

In this section, the set of “classical” missile guidance laws, presented in Sec. is used to demonstrate
the performance of the proposed evasion concepts throughout numerical simulations. First, the simulation
environment together with the interception scenario are presented, followed by a sample run analysis. Then,
using Monte Carlo (MC) simulations, the estimation performance is analyzed in open loop and the miss
distance is evaluated in closed loop.

A. Simulation Environment and Scenario

The planar nonlinear kinematics, missile and target dynamics, presented in Sec. [A] are used for analysis.
All engagements are initiated at a horizontal separation of 5 km between the missile and the target, thus
ro = 5000 m and Ay = 0 rad. Both missile and target have constant speed. The target’s speed is Vr = 300
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m/s and the missile’s speed is V) = 600 m/s. For the analysis, it is assumed that the missile and the target
have first-order strictly proper dynamics with time constants 7p; = 0.2 s and 70 = 0.5 s. Hence, matrices
in Eq. @ degenerate to A; = —1/7;, B; = 1/7;, C; =1, and d; = 0, i € {M,T}. The target’s maneuver
capability is limited to a7'*” = 10 g. No saturation is applied on the missile acceleration command wp;.
The EOM of the mlssﬂe target engagement are solved using a fourth-order Runge-Kutta (4RK) algorithm.
The stopping criterion for the simulation is when V. changes its sign (i.e., when V,. > 0). To ensure precise
miss distance evaluation, high resolution integration is performed when the range is at range less than
r < 25A¢(Vyr + V), where At > 0 is the nominal integration step. All studied engagements start with the
missile and the target on a perfect collision triangle. Given the target’s initial flight path angle yp¢, the
missile’s initial flight path angle v;0 is determined such that the initial collision conditions hold, i.e.,

Vi Sin(’}/Mo — /\0) —Vr Sin(’}/To + )\0) =0. (61)

The missile is assumed to have perfect information on the relative state, its own and target’s parameters,
respectively, and being gulded towards the target using one of the following guidance laws: PN, APN or OGL,
with navigation gains N € {3,3.5,4,4.5,5} for i = {PN, APN} and weights & € {0.0001,0.001} for OGL.
The MMAE regimes of Eq. . are matched exactly to the above missile guidance laws and parameters, i.e.,
the navigation gains of PN and APN are represented by five regimes each, whereas for OGL two regimes are
considered. Thus, in total, p = 12 EKFs are required to be run in parallel. In the case of the reduced-order
MMAE, only p = 3 filters are designed and run, matching the above guidance laws of PN, APN and OGL,
however without good knowledge about the respective guidance parameters. The prior probability of each
guidance law is 1/3 and the initial probability of each regime is equal within the respective guidance law,
ie, pd=1/15,i=1,...,10 and p{! = pu}?> = 1/6.

The estimation problem formulated in Sec. [[V] address two possible sensor choice combinations, see
Sec. However, in our simulations, only the more difficult case is considered in which the target has
bearing-only measurements. The states needed for the proposed evasion strategy employment are estimated
at a frequency of 200 Hz (i.e., Ts = 1/200 s). The nonlinear EOM of Eq. are propagated using the
4RK algorithm. The measurements are acquired at a sampling frequency of 50 Hz (i.e., T:" = 1/50 s).
The simulated measurement noises are with oy = 1 mrad. The tuning parameters of the EKFs have been
chosen by numerical simulations. A blind range of 50 m is assumed. If r < 50, no new measurements are
acquired and the EKFs work in open loop, i.e., perform only the time propagation step at a given rate T,. All
filters in the bank are initialized with the same initial conditions sampled from a Gaussian distribution, i.e.,
&oj0 ~ N (o, Po|o), where x is the true state vector and Py|q = diag (502, (37/180), (1g)?, (37/180)%, 50?)
is the initial covariance matrix of the filters. For the reduced-order MMSE approach, the covariance matrix
Py is augmented for each EKF with an additional diagonal element of the value of 52, 52, and 0.0082,
corresponding to the uncertainty on the guidance parameter Npy, N/ pn, and «a, respectively. After the
filters are initialized, they run recursively on their own estimates. Their likelihood functions are used to
update the mode probabilities. The latest mode probabilities are used to compute the target evasion evasion
command.

B. Sample Run

A sample run of a target evasion from a PN-guided missile with Np, = 4 is considered here. The considered
initial flight path angle of the target is 49 = 7/12 rad. The initial flight path angle of the missile vy
satisfies Eq. (61)).

Figure 3] shows the planar trajectories of the missile and target in the simulated sample run. Particularly,
the target assumes perfect information, i.e., uses true states and its evasion strategy is exactly matched to
the active missile guidance law and parameters. Also, the time-to-go required by the evasion law is computed
as in Eq. , where range and range-rate are obtained from the true relative position and relative velocity.
The resulting miss distance in this sample scenario is approximately 0.51 m. It can be seen that the applied
evasion strategy also forces the collision triangle to rotate with time.

Based on the same sample run, Figs. present, among others, the posterior probabilities @, =
[E™N, APN ukOGL} of each guidance law being correct as a function of time for different MMAE approaches.
Flgure shows the behavior of n;, and the probability ui, j =1,...,12 of each guidance law parameter
(regime) being correct for the full-order MMAE approach. In this case, the PN guidance law has been
identified as the missile’s guidance law in approximately 1 sec, and after approximately 2.5 sec its navigation
gain has also been correctly identified.
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Figure 3: Planar engagement trajectories of a missile-target engagement. Missile uses PN with N, = 4.
Target MMAC with MMSE.

Figure [f] depicts the posterior probabilities fi; of each guidance law being correct and the estimated
guidance parameters, Npy, Ny pn, and «, using the reduced-order MMAE. It can be seen that the correct
guidance law takes a bit longer to be identified in this sample run, i.e., approximately 2 sec. However, the
correct guidance parameter Np, = 4 is identified after approximately 3 sec. A 1 sec moving average window
is used to mitigate the impact of the noise estimate. Note that as soon as the probability of a particular
filter reaches 0, it is turned off, thus allowing additional computational savings.
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Figure 4: Full-order MMAE approach’s sample regime probabilities. Missile uses PN with Np, = 4.

Figure [6] presents the acceleration profiles of the target for different scenarios. In this figure, the ac-
celeration ap (solid line) is driven by the target’s acceleration command ug (dashed line). The top frame
shows the optimal sequence and timing of the target switches against a missile employing PN guidance law
with Npy = 4. This evasion is obtained when the target assumes perfect information. The other three
frames below represent the proposed MMAE-based approaches: MMAC with MMSE, MMAC with MAP,
and the reduced-order approach of Sec. [VIC| It can be seen that while both MMAC approaches perform
almost identically to the perfect information (optimal) case, the reduced-order approach executes the first
switch with some chattering. This occurs, as will be shown in the next subsection, due to less accurate
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Figure 5: Reduced-order MMAE approach’s sample regime probabilities and guidance parameter estimates.
Missile uses PN with Np, = 4.

time-to-go estimation. It can be also noticed that the optimal switches occur approximately 1.5 sec before
the end of the engagement (¢4, ~ 1.5). This confirms the proposed bound 20 x 7p; = 4 sec in Eq. for
the reduced-order approach.
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Figure 6: Target acceleration and acceleration command for different scenarios. Target evasion against n
PN guided missile with Np, = 4.

C. Monte Carlo Study - Open Loop

To demonstrate and compare the estimation performance of the full-order and the reduced-order MMAE
approach, a 500-run MC simulation campaign was performed considering bearing-only measurements. To
allow a fair comparison between the two approaches, perfect information is used again to compute the optimal
target evasion strategy. This allows to consider, in each MC run, the same measurement and target controls
sequences for both MMAE approaches. However, in each MC run, the filters are initiated with different
random initial guess, see Sec. [VI[A] and different noise seeds are used to generate the measurement noises.
The same engagement scenario is considered here as in the previous subsection, i.e., the missile uses PN
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guidance with Np, = 4. The target’s initial angle is ypo = 7/12.
Figures [{{L1] present the obtained state estimation results for both approaches. The errors shown are
computed using the blended state estimates, &y, and blended covariances, Py, computed using the mode-

conditioned state estimates ﬁzfﬂk and error covariances Pi\k as follows
p . .
A 2 : J 40
Lk|k = ﬂkxk‘w
i=1

p
Pue =Y 4, (Pfg\k + (@, — Te) (@ — i’kuc)T) :
=1

Additionally to the estimated states, the time-to-go approximation errors (function of the estimated states)
are also shown in Fig. In all the figures, the dash-dotted line stands for the mean of the estimation
errors, the solid line is the error from a sample run, the thick solid line is the actual standard deviation
(actual 1) of the estimation errors, the dotted line is the sample run’s 1o estimation error bound (%0 f;izer)
predicted by the filter, and the vertical dashed line indicates the beginning of the blind range of the sensor.
Note that the sample run (sample error and o fser) shown in Figs. [TH12| corresponds to the same sample
run as presented in the previous “Sample Run” subsection in Figs.
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Figure 7: Range estimation error performance

The obtained results show relatively fast convergence of all of the estimated states but the range. Es-
pecially note the small error in estimating the missile’s acceleration, which is in general known to be hard
to estimate. The hangoff errors that can be seen in most of the cases at the beginning of the engagement
are due to the initial transitions (convergence) of the weights when the correct regime has still not been
identified and some filters might be already diverging. However, when the filter is matched, i.e., the regime
probabilities converged, the estimates becomes very good. It can be also observed that the standard devia-
tions of the errors (actual 1o) are consistent with those predicted by the filter. The results also suggest that
the reduced-order approach has slightly worse estimation performance than the full-order approach. This is
obvious since it deals with additional uncertainty on the missile guidance parameters.

Despite the poor range estimate, the time-to-go approximation yields relatively good performance, see
Fig. This is especially important as the time-to-go is primarily used in the proposed evasion concept
and, as it was discussed earlier, its accuracy is considered to have significant effect on the closed loop evasion
performance (resulting miss distance). This will be studied in the next subsection. It should be noted that
measurements with 77" = 1/25 s and o) = 2 mrad were also considered. The obtained results did not differ
significantly from those presented in this section. Thus, we have omitted these results for brevity of the
presentation.
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Figure 8: LOS angle estimation error performance
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Figure 9: Missile acceleration estimation error performance.

D. Monte Carlo Study - Closed Loop

Here, the effect of the “estimator in the loop” on the closed-loop performance of the proposed evasion
strategies is evaluated and compared with: i) the case when the target performs optimal evasion matched to
the missile’s active guidance strategy (perfect information case), and i) the case when the target, throughout
the entire engagement, applies maximal acceleration command to one side (blind evasion).

The analysis is based on a set of 500 MC runs. The performance is compared in terms of the achieved miss
distance. All engagements start with the missile and the target being on the collision triangle. For each run,
the active missile guidance strategy, u),, was randomly selected among the 12 possible regimes, presented
in Sec. , and obeying its initial probability ué. The considered engagement scenario is symmetric with
respect to the X-axis. Thus, only positive values of yrg are considered. These values are uniformly drawn
from the interval [0, 7/6] rad.

Figurepresents the obtained miss distances by means of the cumulative distribution functions (CDFs).
The expected miss distance Miss¢z,, defined in Sec. @HEL is also considered for illustration. The results
suggest that the achieved evasion performances of the two full-order approaches, i.e., MMAC with MMSE
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Figure 10: Missile flight path angle estimation error performance
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Figure 11: Missile velocity estimation error performance

and MMAC with MAP, are relatively close to the evasion performance of the deterministic scenario when
the target has perfect information. It can be also seen that MMSE and MAP blending yield very similar
performance. The evasion performance slightly deteriorates when the reduced-order approach is considered.
However, it still performs much better than the blind evasion to one side. Note that the above presented
results correspond to bearing-only measurements. It is obvious that the evasion performance could be further
improved by using an additional measurement of the relative range, yielding to more accurate time-to-go
estimate.

VII. Conclusion

Multiple model adaptive evasion strategies for a target aircraft from a homing missile employing a linear
guidance law have been proposed. The performance of these schemes has been analyzed through extensive
Monte Carlo simulations. It was shown that the proposed approaches allow fast enough identification of
the employed missile guidance strategy and thus enabling the target to apply, early enough, the optimal
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1

0.9 E

0.8 ]
L
[a)
©07 ]
2]
3
506 b
B
©

0.5 b
8
£
3 0.4 N ' ]
= : 4 Expected miss distance (Miss,.,)
%0-3 [ / ———Optimal (matched) evasion (u}.) 7
g & == MMAC with MMSE (")

02t i : ~ =~ MMAC with MAP (up"") 4

rd Reduced order approach (u}“d
o1t/ i - - - Maneuvering one side (up = a}!*") ]
f,’ {
O L ol L L L L L L
0 0.2 0.4 0.6 0.8 1 12 14 16

Miss distance (m)

Figure 13: Miss distance CDF based on 500 Monte Carlo runs.

evasion maneuvers matched to the missile’s active guidance. Moreover, the proposed evasion methods force
the collision triangle to rotate, thus helping to enhance observability, especially that of the range which is
critical when the target aircraft acquires LOS angle measurements only. From evasion perspective, for the
missile and target having first-order linear dynamics, it was shown that the resulting evasion performance,
achieved by the full-order approach (imperfect information), is very close to the best performance achievable
(perfect information). This comparison thus indicates that, for targets having limited maneuver capability
and carrying sensors that provide bearing-only measurements, the degradation in avoidance capability from
a homing missile may not be as serious as it could have been expected.
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