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Prescribed-Time Three-Dimensional Guidance for Maneuvering Targets
With Field-of-View and Approach Angle Constraints

Honglong Kang, Pengyu Wang, Shenmin Song, Robert Fonod

Abstract—This paper presents a three-dimensional (3D) guid-
ance law for homing missiles to intercept maneuvering targets,
while ensuring a desired final approach angle and satisfying
field-of-view (FOV) constraints. First, a line-of-sight (LOS) vector
shaping method is introduced in the range domain. The desired
approach angle and FOV constraint can be satisfied by precisely
tracking a specified LOS vector profile. Then, a feedback guid-
ance law is designed using a prescribed-time control technique for
nullifying the LOS tracking errors. This guidance law employs
an extended state observer to estimate and compensate for
unknown target maneuvers, with a rigorous analysis conducted
to ensure the stability of the entire system. Unlike existing
studies, the proposed guidance law does not require linearization
procedures and switching logic, which avoids discontinuous guid-
ance command and facilitates practical implementation. Finally,
extensive numerical simulations and comparison studies validate
the effectiveness, robustness, and superiority of the proposed
method.

Index Terms—Three-dimensional (3D) guidance, maneuvering
target, approach angle control, field-of-view (FOV) constraint,
line-of-sight (LOS) vector shaping.

I. INTRODUCTION

Homing guidance systems with specific constraints, such as
approaching the target with desired LOS angles and satisfying
the FOV constraint, have attracted considerable attention in
recent years due to their significance in practical applications.
In particular, the approach angle control guidance is able to
guide the missile to avoid terrain obstacles and increase the
warhead effectiveness. The FOV constraint can confine the
lead angle of the missile to ensure the onboard seeker remains
locked onto the target. These two constraints sometimes need
to be met simultaneously to enhance guidance effectiveness,
leading to a more complex research problem: FOV-limited
approach angle control guidance.

Numerous research efforts have focused on developing
approach angle control guidance laws. One of the pioneering
studies was presented in [1], in which the desired approach
angle was achieved by solving a time-to-go weighted optimal
guidance problem. Subsequently, various technical methods
were applied in designing approach angle control guidance
laws, such as biased proportional navigation guidance (PNG)
[2], [3], trajectory shaping [4], and optimal control [5]. Two
auxiliary functions were employed in [6] to construct a look
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angle profile and then meet the terminal constraints via a feed-
back guidance law. A generalized inversion guidance method
was presented in [7], where an accurate time-to-go solution
was developed under the approach angle constraint. However,
it should be noted that the approach angle control guidance
laws in [1]–[7] are only effective for stationary targets.

Designing a guidance law for maneuvering targets is gener-
ally a challenging task, especially when it needs to satisfy
the approach angle constraint. In this regard, an explicit
time-to-go prediction was used in [8] to drive an approach
angle control guidance law for capturing maneuvering targets.
The maximum bound of the unknown target maneuver was
compensated in [9] by an adaptive law to achieve the desired
approach angle. In [10], an integral sliding mode guidance
law against maneuvering targets was developed by combining
a time-to-go weighted error dynamic. For the 3D approach
angle control problem, a range of methodologies have been
implemented in existing research, including adaptive twisting
control [11], incremental dynamic inversion method [12],
model predictive control [13], and event-triggered control [14].
In [15], a quaternion-based approach angle control guidance
law was derived in 3D space without model decoupling.

The FOV constraint is essential for practical implementa-
tion, as curved missile trajectories may cause the seeker to lose
the target. In [16], [17], a switching logic was used to design
FOV-limited guidance laws that ensure the missile lead angle
does not exceed its maximum permissible value. The guidance
command in [18] switched from a deviated pursuit phase to
a PNG phase to satisfy the FOV constraint. However, the
use of switching logic may lead to discontinuous commands
and undesired chattering, which could potentially degrade the
accuracy of the guidance system in practice. To this end, lead
angle tracking method and trajectory shaping guidance were
developed in [19]–[23] for satisfying the FOV constraint with
smooth guidance commands. Based on trigonometric series,
a FOV-limited guidance law was derived in [24] using the
convex quadratic programming algorithm. It is noteworthy that
the trajectory generated in [24] was infinitely differentiable.
After that, a trajectory optimization problem determining the
minimum wind strength was solved in [25] to analyze the
performance of dynamic soaring, where a control vector was
formulated smoothly by trigonometric series.

Few existing studies simultaneously address both approach
angle control and FOV constraints in the presence of maneu-
vering targets. The sliding mode control and backstepping
strategies were employed in [26]–[28] to design nonlinear
guidance laws. Nevertheless, the nonlinear nature of such
guidance laws makes it challenging to obtain an achievable
region analytically. In [29], an achievable approach angle
region was derived for maneuvering targets and the FOV
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constraint was met in 2D space. Note that the aforementioned
2D FOV-limited guidance laws [26]–[29] are not applicable to
3D scenarios. More recently, two 3D FOV-limited guidance
laws were presented in [30], [31] by decoupling the 3D
kinematics model. In [30], a 3D back-stepping guidance law
was proposed to satisfy the FOV constraint, in which the
engagement geometry was decoupled into two separate or-
thogonal planes. In [31], a 3D FOV-limited guidance law was
designed for intercepting a constant speed target, wherein the
LOS angles in yaw and pitch planes were shaped separately.
It should be mentioned that ignoring the coupling effects of
the 3D engagement geometry may degrade the performance
of the guidance law.

The vector guidance is exerted in this paper to tackle the
3D guidance problem due to its concise expression. In recent
years, the vector guidance has been extensively implemented
as a unified framework in both 2D and 3D space [32]–[41].
In [32] and [33], the final velocity direction of the missile
under the PNG law was predicted and applied to the design
of approach angle control guidance laws. A reference frame
attached to a maneuvering target was introduced in [34] and
[35] to solve the approach angle control guidance problem.
In [36], a biased PNG law with a constant relative speed
for intercepting a maneuvering target was developed, where
the desired impact time was achieved via a computational
scheme. In [37] and [38], the 3D approach angle control
guidance law was decoupled into augmented plane guidance
and trajectory shaping guidance. Moreover, desired approach
angles were realized by 3D vector guidance laws in [39]
and [40], where the missile speed variation was considered
by integrating numerical iterations. Additionally, to obtain an
analytical solution of the lead angle, a prescribed performance
guidance law with FOV constraints was designed in [41].

Despite advancements in previous studies, the 3D approach
angle control guidance law for capturing maneuvering targets
still faces some unresolved issues, especially when the FOV
constraint is considered. First, most existing approach angle
control guidance laws were developed for stationary targets
[1]–[7], [17]–[23], [32], [33], [37]. Directly applying these
guidance laws to maneuvering targets may result in the vi-
olation of FOV constraints or terminal guidance command
singularities. For maneuvering targets, several FOV-limited
approach angle control guidance laws have been presented
for 2D scenarios [26]–[29]. However, designing 3D guid-
ance laws that simultaneously meet both approach angle
and FOV constraints for maneuvering targets still demands
further investigation. Second, previous studies have commonly
used switching logic [16]–[18], [40] and nonlinear auxiliary
functions [19], [22], [28], [29] to achieve FOV constraints.
Guidance laws based on switching logic may cause undesired
chattering or discontinuous guidance commands, which de-
grade the accuracy of the guidance system. While guidance
laws using auxiliary functions avoid model switching, their
achievable region is difficult to determine due to the non-
integrability of the auxiliary functions.

In light of all the technical issues discussed above, this paper
introduces a FOV-limited guidance law for the 3D approach

angle control, in which a prescribed-time ESO is used to
estimate the perturbation term caused by maneuvering targets.
The main contributions include:
1) Formulating the 3D guidance model between the missile

and the target in a relative coordinate system, in which the
FOV constraint is specifically transformed into a limit on
the relative lead angle, rather than the original lead angle.

2) Developing a LOS vector shaping method using Rodrigues’
rotation formula to realize approach angle and FOV con-
straints by accurately tracking the desired LOS vector.

3) Estimating target maneuvers using a prescribed-time ESO,
and developing a feedback guidance law based on sliding-
mode control technique with rigorous stability analysis.

4) Obtaining the analytical achievable region of the approach
angle and the maximum permissible FOV constraint value
for practical guidance implementation.

This paper is organized as follows. Section II presents
the 3D guidance geometry against a maneuvering target and
the guidance objectives. Section III describes the LOS shap-
ing method with feasible analysis. Section IV proposes the
feedback guidance law and analyzes prescribed-time stability.
Section V validates the guidance law’s performance.

II. PROBLEM STATEMENT

A. Guidance Model in Inertial Coordinate System

The 3D guidance geometry between a missile and a maneu-
vering target is depicted in Fig. 1, where (𝑋𝐼 , 𝑌𝐼 , 𝑍𝐼 ) is the
Cartesian inertial coordinate system. The missile and target
velocities are expressed by V𝑀 and V𝑇 , respectively. The LOS
vector R represents the target’s position relative to the missile.
The elevation and azimuth LOS angles are denoted by 𝜃𝐿 and
𝜙𝐿 , respectively. The included angle between vectors V𝑀 and
R is defined as the total lead angle of the missile, which is
denoted as 𝜎𝑀 .

In this paper, the notations v𝑀 , v𝑇 and r stand for the unit
vectors along V𝑀 , V𝑇 , and R, respectively. That is

v𝑀 =
V𝑀

𝑉𝑀

, v𝑇 =
V𝑇

𝑉𝑇
, r =

R
𝑅

(1)

where 𝑅 = | |R| |, 𝑉𝑀 = | |V𝑀 | |, and 𝑉𝑇 = | |V𝑇 | |. Like most of
previous studies, we also assume that the missile speed 𝑉𝑀

and the target speed 𝑉𝑇 remain constant throughout the entire
guidance procedure.

Under the inertial coordinate system in Fig. 1, the guidance
model between the missile and target can be given as

¤𝑅 = (V𝑇 − V𝑀 ) · r, (2)

¤r = [r × (V𝑇 − V𝑀 )] × r
𝑅

, (3)

¤v𝑀 =
A𝑀

𝑉𝑀

, ¤v𝑇 =
A𝑇

𝑉𝑇
(4)

where vectors A𝑀 and A𝑇 are the lateral control accelerations
acting on the missile and target, respectively.



IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS 3

T

M

O

R

M
A

M VM

IZ

IYIX
VT

TA

LL


Fig. 1: Guidance geometry in inertial coordinate system.

B. Guidance Model in Relative Coordinate System
Now, as shown in Fig. 2, we introduce a relative coordinate

system (𝑋𝑅, 𝑌𝑅, 𝑍𝑅) with its origin fixed on the target. The
relative velocity can be expressed as

V𝑅 = V𝑀 − V𝑇 . (5)

A unit vector along the relative velocity is defined as v𝑅 =

V𝑅/𝑉𝑅 where 𝑉𝑅 = | |V𝑅 | | is the relative speed between the
missile and target, which is not a constant. Differentiating V𝑅

with respect to time yields
¤V𝑅 = ¤V𝑀 − ¤V𝑇 = A𝑀 − A𝑇 = ¤𝑉𝑅v𝑅︸︷︷︸

A𝑇
𝑅

+𝑉𝑅 ¤v𝑅︸︷︷︸
A𝑁
𝑅

(6)

where A𝑇
𝑅 denotes the tangential acceleration and A𝑁

𝑅 stands
for the lateral acceleration. In this paper, A𝑁

𝑅 will serve as the
control input in the subsequent guidance law design.

Under the relative coordinate system in Fig. 2, the guidance
model (2)−(4) can be rewritten as

¤𝑅 = −V𝑅 · r, (7)

¤r = 𝜴𝐿 × r, (8)

¤v𝑅 = 𝜴𝑉𝑅
× v𝑅 = A𝑁

𝑅 /𝑉𝑅 (9)

where vectors 𝜴𝐿 and 𝜴𝑉𝑅
are the rotation rates of the LOS

R and the relative velocity V𝑅, respectively, which can be
expressed as

𝜴𝐿 = − r × V𝑅

𝑅
, 𝜴𝑉𝑅

=
V𝑅 × A𝑅

𝑉2
𝑅

. (10)

Furthermore, the relative lead angle, i.e., the included angle
between V𝑅 and R, is defined as 𝜎𝑅. According to geometric
relations in Fig. 2, one has

cos𝜎𝑅 = r · v𝑅, (11)

sin𝜎𝑅k𝑅 = r × v𝑅 (12)

where k𝑅 = r × v𝑅/| |r × v𝑅 | | is a unit normal vector. Taking
the time derivative of (11), we obtain

¤𝜎𝑅 = (𝜴V𝑅
−𝜴𝐿) · k𝑅 . (13)

Then the dynamic of 𝜴𝐿 can be derived as:

¤𝜴𝐿 = −2
¤𝑅
𝑅
𝜴𝐿 +

¤𝑅
𝑅
𝜴V𝑅

+ D (14)

where D = A𝑇
𝑅 × r/𝑅 is the perturbation term caused by the

target maneuvers.
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Fig. 2: Guidance geometry in relative coordinate system.

C. Guidance Objectives

This paper aims to meet the following guidance objectives:
1) Zero miss distance: The missile should successfully

intercept the target, i.e., 𝑅 → 0.
2) FOV constraint: The FOV angle should be constrained

within its upper bound. Ignoring the angle of attack and side-
slip angle, the FOV constraint can be approximated as

|𝜎𝑀 | < 𝜎max
𝑀 (15)

where 𝜎max
𝑀

is the maximum permissible value of 𝜎𝑀 .
3) Desired approach angles: The missile needs to achieve

desired LOS angles at the final moment. That is, 𝜃𝐿 → 𝜃𝐿 𝑓

and 𝜙𝐿 → 𝜙𝐿 𝑓 , where 𝜃𝐿 𝑓 and 𝜙𝐿 𝑓 are the desired elevation
and azimuth LOS angles. We define a desired unit vector r 𝑓

as follows:

r 𝑓 = [cos 𝜙𝐿 𝑓 cos 𝜃𝐿 𝑓 , sin 𝜙𝐿 𝑓 cos 𝜃𝐿 𝑓 , sin 𝜃𝐿 𝑓 ] . (16)

It is obvious that if r = r 𝑓 at the final moment, the desired
approach angles are achieved. Therefore, the last guidance
objective of this paper is to ensure r → r 𝑓 .

Remark 1: The approach angle control problem with FOV
constraints is said to be challenging even under the assumption
that the speeds of the missile and target are constant. First, the
achievable region of the approach angle is related to the maxi-
mum permissible value of the relative lead angle. In general, it
is difficult to obtain an explicit mathematical relation between
the approach angle region and the FOV constraint, particularly
in 3D scenarios. Second, the unknown maneuvers may result
in the target escaping from the detectable region of the seeker,
hence it is necessary to compensate the disturbances caused
by the targets in the guidance law design.

We present the following lemma as a sufficient condition
for FOV constraints and its proof is provided in Appendix A.

Lemma 1: Considering the guidance model (7)−(10), if the
relative lead angle always satisfies |𝜎𝑅 | ≤ 𝜎max

𝑅
where 𝜎max

𝑅

is the maximum permissible value of 𝜎𝑅:

𝜎max
𝑅 = asin

( sin𝜎max
𝑀

− 𝜌𝑀

1 + 𝜌𝑀

)
(17)

and asin() is the arcsin function, 𝜌𝑀 = 𝑉𝑇/𝑉𝑀 is assumed to
meet 𝜌𝑀 < sin𝜎max

𝑀
, then the missile can achieve the FOV

constraint.
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Remark 2: The advantage of Lemma 1 is illustrated in
this remark. Under most existing FOV-limited guidnace laws
for stationary targets, the FOV constraint is typically satisfied
during the entire guidance procedure. However, the guidance
system may operate with a large lead angle very close to
the upper boundary. This increases the risk of violating the
FOV constraint, especially when the target is maneuvering.
In this paper, the actual maximum value of FOV is always
smaller than the specified maximum permissible value 𝜎max

𝑀
,

as indicated in Lemma 1. In other words, there will be safety
margins between the peak values of lead angle and the upper
bounds of lead angle. This property is considered an advantage
of this paper.

III. LOS VECTOR SHAPING METHOD

In this section, a LOS vector shaping method is proposed
for the FOV-limited approach angle control guidance problem.
First, a unit LOS vector profile is constructed using Rodrigues’
rotation formula. The approach angle and FOV constraints
can be achieved as long as the LOS vector profile is tracked
precisely by the missile. Then, the behavior of the lead angle
under the proposed method is rigorously analyzed without any
linearization procedures. In particular, the mathematical rela-
tionship between the maximum permissible FOV constraint
and the approach angle is derived analytically, leading to an
achievable region that facilitates practical implementation.

A. Design of LOS Vector Shaping Method

fr
0

dr

fk


fr

0

dr

fk



Fig. 3: Unit LOS vector rotation in 3D space.

The unit LOS vector rotation geometry is depicted in Fig. 3.
The unit vector k 𝑓 represents the rotation axis determined by
the initial unit LOS vector r0 and the desired unit LOS vector
r 𝑓 . From Fig. 3 one can obtain

cos𝜆0 = r 𝑓 · r0, (18)
sin𝜆0k 𝑓 = r 𝑓 × r0 (19)

where 𝜆0 is the initial approach angle error, i.e., the included
angle between r0 and r 𝑓 .

Define 𝜏 = 𝑅/𝑅0 where 𝑅0 is the initial relative range. In
this paper, the unit LOS vector profile is formulated as

r𝑑 = r0 cos 𝜗 + k 𝑓 × r0 sin(−𝜗) (20)

where 𝜗 is a rotation variable, as depicted in Fig. 3. We design
the rotation variable 𝜗 as

𝜗 = 𝜆0
[
1 − atan(𝛽𝜏𝑛)/atan 𝛽

]
(21)

where atan() is the arctangent function, 𝜆0 is the initial
approach angle error, 𝑛 ≥ 2 and 𝛽 > 1 are tuning parameters.
It is easy to verify that 𝜗 = 0 when 𝑅 = 𝑅0.

The LOS vector profile r𝑑 will gradually rotate from r0
to the final desired unit vector r 𝑓 throughout the guidance
duration, as will be shown in the following theorem.

Theorem 1: For the guidance model (7)−(10), if the profile
(20) is precisely tracked by the missile and the tuning param-
eters satisfies

𝑛

atan 𝛽
<

2
𝜆0

tan𝜎max
𝑅 , (22)

then the zero miss distance, FOV constraint, and desired
approach angles can be achieved with bounded terminal ac-
celeration command.

Proof : Differentiating (20) with respect to time, we have

¤r𝑑 = − ¤𝜗
(
r0 sin 𝜗 + k 𝑓 × r0 cos 𝜗

)
. (23)

Combining (10) with (12), the angular velocity of LOS can
be expressed as

𝜴𝐿 = −𝑉𝑅

𝑅
sin𝜎𝑅k𝑅 . (24)

Note that Theorem 1 gives r = r𝑑 during the guidance
process. Substituting (20) and (23) into (8) yields

𝜴𝐿 = − ¤𝜗(r0 cos 𝜗 + k 𝑓 × r0 sin(−𝜗))
× (r0 sin 𝜗 + k 𝑓 × r0 cos 𝜗)

= ¤𝜗(k 𝑓 × r0) × r0 = − ¤𝜗k 𝑓 .

(25)

From (24) and (25), one can deduce that

¤𝜗 =
𝑉𝑅

𝑅
sin𝜎𝑅 . (26)

The above equation can be rearranged as

tan𝜎𝑅 = −𝑅 𝑑𝜗

𝑑𝑅
. (27)

For notational simplicity, let 𝜔 = 𝜆0/atan 𝛽. Differentiating
(21) with respect to 𝑅, we obtain

𝑑𝜗

𝑑𝑅
= −𝑛 𝜔

𝑅0

𝛽𝜏𝑛−1

1 + 𝛽2𝜏2𝑛 < 0. (28)

It is obvious that tan𝜎𝑅 > 0 and 𝜎𝑅 ∈ [0, 𝜋/2) are satisfied
during the guidance procedure, thus 𝑅 will monotonically
decrease to zero. According to 𝜗(𝑅 = 0) = 𝜆0,

lim
𝑅→0

r𝑑 = r0 cos𝜆0 + k 𝑓 × r0 sin(−𝜆0)

= r0 cos𝜆0 + r0 × (r 𝑓 × r0).
(29)

The use of triple product rules gives

lim
𝑅→0

r𝑑 = r0 cos𝜆0 + (r0 · r0)r 𝑓 − (r0 · r 𝑓 )r0

= r0 cos𝜆0 + r 𝑓 − r0 cos𝜆0 = r 𝑓

(30)

which implies that the zero miss distance and desired approach
angles can be achieved. Substituting (28) into (27) yields

tan𝜎𝑅 = 𝑛𝜔
𝛽𝜏𝑛

1 + 𝛽2𝜏2𝑛 . (31)
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Taking the derivative of (31) with respect to 𝑅, we obtain

𝑑𝜎𝑅

𝑑𝑅
= 𝑛2 𝜔

𝑅0

𝛽(1 − 𝛽2𝜏2𝑛)
(1 + 𝛽2𝜏2𝑛)2 (1 + 𝜎2

𝑅)𝜏𝑛−1. (32)

We denote the right-hand side of (31) as 𝐹 (𝑅), then we
have

𝑑𝐹 (𝑅)
𝑑𝑅

= 𝑛2 𝜔

𝑅0

(1 − 𝛽2𝜏2𝑛)𝛽
(1 + 𝛽2𝜏2𝑛)2 𝜏

𝑛−1. (33)

According to (28), one can deduce that 𝜏 decreases mono-
tonically from 1 to 0. Then the behavior of 𝐹 (𝑅) and 𝜎𝑅 in
the range domain can be analyzed using (33) as follows:

1) 𝑑𝐹 (𝑅)/𝑑𝑅 < 0 and 𝑑𝜎𝑅/𝑑𝑅 < 0 when 𝜏 ∈ (𝛽−1/𝑛, 1).
2) 𝑑𝐹 (𝑅)/𝑑𝑅 = 0 and 𝑑𝜎𝑅/𝑑𝑅 = 0 when 𝜏 = 𝛽−1/𝑛.
3) 𝑑𝐹 (𝑅)/𝑑𝑅 > 0 and 𝑑𝜎𝑅/𝑑𝑅 > 0 when 𝜏 ∈ (0, 𝛽−1/𝑛).
This indicates that the relative lead angle monotonically

increases when 𝛽−1/𝑛𝑅0 < 𝑅 < 𝑅0 and then decreases when
0 < 𝑅 < 𝛽−1/𝑛𝑅0. As a result, the maximum relative lead
angle can be predicted as

tan𝜎pre
𝑅

= 𝐹
(
𝛽−1/𝑛𝑅0

)
=

𝑛𝜆0
2 atan 𝛽

(34)

where the variable with superscript “pre” refer to the predicted
value. Combining (22) with (34) leads to 𝜎

pre
𝑅

< 𝜎max
𝑅

.
Recalling Lemma 1 we can conclude that the lead angle will
not violate its constraint.

Next, we analyze the property of terminal lead angle and
terminal acceleration command. As 𝑅 → 0, (31) becomes

lim
𝑅→0

𝜎𝑅 = lim
𝜏→0

atan
(
𝑛𝜔

𝛽𝜏𝑛

1 + 𝛽2𝜏2𝑛

)
= atan

(
𝑛𝜔𝛽 lim

𝜏→0

𝜏𝑛

1 + 𝛽2𝜏2𝑛

)
= 0.

(35)

Clearly, a terminal relative lead angle of zero can be
achieved. Using L’Hospital’s rule, (24) gives

lim
𝑅→0

∥𝜴𝐿 ∥ = 𝑉𝑅 𝑓 lim
𝑅→0

sin𝜎𝑅

𝑅
= 𝑉𝑅 𝑓 lim

𝑅→0

¤𝜎𝑅

¤𝑅
(36)

where 𝑉𝑅 𝑓 is the terminal relative speed. Substituting (32) into
(36) leads to

lim
𝑅→0

∥𝜴𝐿 ∥ = 𝑛2𝜔𝑉𝑅 𝑓

𝑅0
lim
𝑅→0

𝜏𝑛−1. (37)

Obviously, lim𝑅→0 ∥𝜴𝐿 ∥ = 0 and bounded terminal accel-
eration command are guaranteed by choosing 𝑛 ≥ 2. This
completes the proof.

B. Analysis of LOS Vector Shaping Method

From (21) we can see that the behavior of rotation variable
is determined by two parameters 𝑛 and 𝛽. Based on Theorem 1,
the conditions for parameters selection can be summarized as
follows:

1) The selection of 𝑛 should satisfy 𝑛 ≥ 2 to guarantee a
bounded terminal acceleration command, as demonstrated
in (37).

2) The choice of 𝛽 should meet atan 𝛽 > 𝑛𝜆0/(2 tan𝜎max
𝑅

)
and 𝛽 > 1 to achieve the FOV constraint, as indicated by
(22) and (34).

An analytical achievable region is presented herein to
further analysis the property of the proposed method. The
mathematical relation between 𝜎max

𝑅
and the initial guidance

error 𝜆0 can be rearrange as

𝜆0 <
2
𝑛

atan 𝛽 tan𝜎max
𝑅 (38)

which implies that a larger relative lead angle boundary 𝜎max
𝑅

will lead to a larger launch envelope. In other words, a larger
𝜆0 is permissible for approach angles control when a larger
FOV boundary is selected.

Remark 3: This remark discusses the principles for estab-
lishing the rotational variable 𝜗. The mathematical relationship
(30) implies that the final approach angle is determined by
𝜗(𝑅 = 0). According to (27), the relative lead angle is
governed by 𝑅𝑑𝜗/𝑑𝑅 under the proposed method. Thus the
unified criterion for constructing 𝜗 can be summarized as

𝜗(𝑅 = 0) = 𝜆0, 𝑅
𝑑𝜗

𝑑𝑅
≥ − tan𝜎max

𝑅 . (39)

Consequently, the formulation of the rotation variable 𝜗 is not
unique, which means a variety of desired unit LOS vectors can
be found to meet the guidance constraints. In [21], polynomial
shaping was used to design a FOV-limited guidance law.
Compared with [21], as various 𝜗 are feasible, our proposed
method serves as a generalized tool for providing various
guidance trajectories.

Remark 4: The proposed LOS vector shaping method may
offer the following advantages.

1) The proposed method is derived rigorously using vector-
form manipulation, without linearization or model decou-
pling. As a result, the guidance law remains effective in
a sufficiently coupled engagement geometry.

2) Unlike most existing guidance laws, this paper formulates
the achievable region of approach angles analytically.
Therefore, the mission designer can select appropriate de-
sired approach angles before implementing the guidance.

3) This paper eliminates the terminal singularity in the
acceleration command, thereby enhancing the robustness
and reliability of the guidance law during the terminal
phase, particularly in the case of maneuvering targets.

At this point, we can draw the conclusion that for accom-
plishing the approach angle control with FOV constraints, the
following requirements need to be fulfilled:

1) Proper construction of the unit LOS vector profile (20)
by selecting the parameters under the condition (39).

2) Development of a guidance law enabling the missile to
track the unit LOS vector profile precisely.

To satisfy these requirements, the sliding mode control
technique and a predefined-time ESO are employed together
in Section IV to derive an approach angle control guidance
law with FOV constraints.

IV. GUIDANCE LAW DESIGN

A feedback guidance law to track the LOS vector profile
(20) is developed in this section by using the predefined-
time control technique. The predefined-time stability of the
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proposed guidance law is rigorously proven in the presence of
unknown target maneuvers.

A. Predefined-Time Guidance Law

A scaling function for predefined-time convergence is in-
troduced as follows

𝜇(𝑅, 𝑅𝑠) =


𝑅0 − 𝑅𝑠

𝑅 − 𝑅𝑠

, 𝑡 ∈ [0, 𝑡𝑠), i.e., 𝑅 ∈ (𝑅𝑠 , 𝑅0]
𝜇𝑐, 𝑡 ∈ [𝑡𝑠 , 𝑡 𝑓 ], i.e., 𝑅 ∈ [0, 𝑅𝑠]

(40)

where 𝜇𝑐 is a design parameter, 𝑡𝑠 is the specified settling time,
and its value is determined by the specified settling range 𝑅𝑠 .

For clarity, three scaling functions are designed as 𝜇𝑖 =

𝜇(𝑅, 𝑅𝑠𝑖), 𝑖 = 1, 2, 3 with 𝑅𝑠1 < 𝑅𝑠2 < 𝑅𝑠3 (i.e., 𝑡𝑠1 > 𝑡𝑠2 >

𝑡𝑠3). Note that in the following derivations, the three instants
𝑡𝑠1, 𝑡𝑠2, 𝑡𝑠3 represent the convergence time of the tracking error,
sliding surface, and the observation errors, respectively.

A tracking error 𝑒 is defined as

cos 𝑒 = r𝑑 · r,
sin 𝑒k𝑑 = r𝑑 × r

(41)

where k𝑑 is a unit vector. It is obvious that 𝑒 = 0 only occurs
when r = r𝑑 . The tracking error dynamics can be derived as:

¤𝑒 = (𝜴𝐿 −𝜴𝐿𝑑) · k𝑑 ,
¤k𝑑 = Ωk𝑑 × k𝑑

(42)

where 𝜴k𝑑 = 𝜴𝐿 +𝜴𝐿𝑑 − (𝜴𝐿 −𝜴𝐿𝑑) ×k𝑑 cot 𝑒, 𝜴𝐿𝑑 = − ¤𝜗k 𝑓 .
The derivation of (42) is presented in Appendix B. In order to
nullifying the tracking error 𝑒, a sliding surface is constructed
as follows:

S = (𝜴𝐿 −𝜴𝐿𝑑) + 𝑐1𝜇1𝑒k𝑑 (43)

where 𝑐1 > 0 is a constant and 𝜇1 is a scaling function with
a settling time 𝑡𝑠1. The time-derivative of S can be derived as

¤S = F +
¤𝑅
𝑅
𝜴V𝑅

+ D (44)

where F = −2 ¤𝑅/𝑅𝜴𝐿 − ¤𝜴𝐿𝑑 + 𝑐1 ( ¤𝜇1𝑒k𝑑 + 𝜇1 ¤𝑒k𝑑 + 𝜇1𝑒 ¤k𝑑).
Then we propose the following guidance law:

𝜴V𝑅
= 𝜴𝑒𝑞

V𝑅
+𝜴𝑠𝑚

V𝑅
− 𝑅

¤𝑅
D̂ (45)

where 𝜴𝑒𝑞

V𝑅
= −𝑅/ ¤𝑅F, 𝜴𝑠𝑚

V𝑅
= −𝑅/ ¤𝑅(𝑐2𝜇2S + 𝑐3sign(S)), 𝜇2

is a scaling function with a settling time 𝑡𝑠2; D̂ is the observed
value of D.

In practice, it can be assumed that the perturbation term D
and its derivative have upper bounds ∥ ¤D∥ = ∥𝜹∥ ≤ Δ. Let
𝜴̃𝐿 = 𝜴𝐿 − 𝜴̂𝐿 and D̃ = D − D̂, where 𝜴̂𝐿 is the observed
value of 𝜴𝐿 . A predefined-time ESO is constructed as

¤̂
𝜴𝐿 = −2

¤𝑅
𝑅
𝜴𝐿 +

¤𝑅
𝑅
𝜴V𝑅

+ D̂ + 𝑘1𝜛𝜇3𝜴̃𝐿 ,

¤̂D = 𝑘2 (𝜛𝜇3)2𝜴̃𝐿

(46)

where 𝜇3 is a scaling function with a settling time 𝑡𝑠3, and
𝑘1, 𝑘2, 𝜛 are positive observer gains. The closed-loop stability
of the proposed guidance law is rigorously analyzed in the
subsequent theorem.

Theorem 2: Under the guidance law (45) and the predefined-
time ESO (46), the missile can precisely track the proposed
LOS vector profile (20).

Proof : The proof of Theorem 2 is divided into two steps.
The first step is the proof of convergence for the predefined-
time ESO (46), and the second step is the proof of convergence
for the tracking error (41).

Step 1 : Differentiating 𝜴̃𝐿 and D̃ yields

¤̃𝜴𝐿 = D̃ − 𝑘1𝜛𝜇3𝜴̃𝐿 ,

¤̃D = 𝜹 − 𝑘2 (𝜛𝜇3)2𝜴̃𝐿 .
(47)

Let 𝜼 = [𝜛𝜇3𝜴̃
𝑇

𝐿 , D̃
𝑇 ]𝑇 . Substituting (47) into the time

derivative of 𝜼 leads to

¤𝜼 = 𝜛𝜇3Ā𝜼 + 𝜇3B̄𝜼 + C (48)

where Ā = A⊗I3, B̄ = B⊗I3, ⊗ denotes the Kronecker product,
C = [0, 0, 0, 𝜹𝑇 ]𝑇 , I3 is a three-dimensional identity matrix;

A =

[
−𝑘1 1
−𝑘2 0

]
and B =

[
− ¤𝑅/(𝑅0 − 𝑅𝑠2) 0

0 0

]
.

We choose 𝑘1 and 𝑘2 such that the matrices A and Ā
are Hurwitz. Thus, there exists a symmetric positive definite
matrix P = P𝑇 > 0 satisfying Ā𝑇P + PĀ = −I6. Consider
a Lyapunov function 𝑉1 = 𝜼𝑇P𝜼. The time derivative of 𝑉1
along the system (48) is

¤𝑉1 = ¤𝜼𝑇P𝜼 + 𝜼𝑇P ¤𝜼
=𝜛𝜇3𝜼

𝑇 (Ā𝑇P + PĀ)𝜼 + 2𝜇3𝜼
𝑇 B̄P𝜼 + 2𝜼𝑇PC

= −𝜛𝜇3𝜼
𝑇𝜼 + 2𝜇3𝜼

𝑇 B̄P𝜼 + 2𝜼𝑇PC.
(49)

Using Young’s inequality, we have

2𝜼𝑇PC ≤ 2𝜆max (P)∥𝜼∥∥𝜹∥ ≤ 𝜼𝑇𝜼 + (𝜆max (P)∥𝜹∥)2 (50)

where 𝜆max (P) is the maximum eigenvalue of P. Then (49)
becomes

¤𝑉1 ≤ −(𝜛 − 1)𝜇3𝜼
𝑇𝜼 + 2𝜇3𝜼

𝑇 B̄P𝜼 + 𝜇3 (𝜆max (P)∥𝜹∥)2

≤ −𝑀𝜇3𝑉1 + 𝜇3𝜁
2 (51)

where 𝑀 = (𝜛 − 2𝜆max (PB) − 1)/𝜆max (P), 𝜁 = 𝜆max (P)Δ. By
selecting 𝜛 > 2𝜆max (PB) +1 and incorporating the conclusion
in [42], we can deduce that 𝑉1 will converge to a compact set
Θ = {𝑉1 |𝑉1 ≤ 𝜁2/𝑀} within the predefined time:

lim
𝑡→𝑡𝑠3

∥𝜼∥ ≤ 𝑜 (52)

where 𝑜 =

√︃
𝜁2/

(
𝑀𝜆max (P)

)
. Thus, it is concluded that D can

be observed within the predefined time 𝑡𝑠3.

Step 2 : Next, consider a Lyapunov function 𝑉2 = 0.5S𝑇S.
The time derivative of 𝑉2 can be obtained as

¤𝑉2 = S𝑇 ¤S = −𝑐2𝜇2S𝑇S − 𝑐3S𝑇sign(S) + S𝑇 D̃. (53)

Since D̃ remains bounded within (0, 𝑡𝑠3), the sliding surface
is also bounded within (0, 𝑡𝑠3). By selecting 𝑐3 > 𝑜, we have

¤𝑉2 ≤ −𝑐2𝜇2S𝑇S − (𝑐3 − 𝑜)∑3
𝑖=1 |𝑠𝑖 | ≤ −2𝑐2𝜇2𝑉2 (54)
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Fig. 4: Schematics of the proposed guidance law.

where 𝑠𝑖 , 𝑖 = 1, 2, 3 are the components of S. Therefore,
the system states will reach the sliding surface within the
predefined time 𝑡𝑠2 and stay on it afterwards.

When 𝑡 > 𝑡𝑠2, substituting S = 0 into (43) leads to

𝜴𝐿 −𝜴𝐿𝑑 = −𝑐1𝜇1𝑒k𝑑 . (55)

According to (42), the tracking error dynamics can be solved
as ¤𝑒 = −𝑐1𝜇1𝑒. Similar to Step 1, the tracking error can
converge to zero with the settling time 𝑡𝑠1. Hence, the LOS
vector profile r𝑑 can be precisely tracked by the proposed
guidance law. This completes the proof.

Remark 5: Unlike finite-time control methods, the
prescribed-time control technique used in this paper allows
for explicit pre-assignment of 𝑡𝑠𝑖 . This is an advantage of the
proposed guidance law because the convergence time does
not rely on initial missile states and guidance parameters.
Furthermore, due to the difficulty in precisely predicting
impact time for maneuvering targets, the independent variable
of the scaling function is changed from the relative range 𝑅

to time 𝑡. By selecting 0 < 𝑅𝑠 < 𝑅, the specified settling
range ensures that the guidance error converges before the
end of the guidance phase. Hence, the proposed guidance law
is applicable to various initial conditions, without requiring a
complex settling time tuning process.

Remark 6: The feasibility analysis obtained in this paper
is necessary for avoiding infeasible constraints. In addition to
our proposed method, barrier Lyapunov functions have also
been applied to the guidance problem with FOV constraints
[26], [27]. However, the nonlinear feature of Barrier Lyapunov
functions makes it hard to derive an achievable guidance
region analytically. Moreover, as the system state approaches
the boundaries of constraints, the magnitude of Barrier Lya-
punov functions will become infinite, which could potentially
hinder the online implementation of guidance laws. It is worth
emphasizing that the aforementioned issues are addressed by
the analytical solution (31) and the feasibility analysis (39) in
this paper.

B. Integrated Guidance System Framework
In practice, the missile is typically controlled by the normal

acceleration in its velocity frame (𝑋𝑉 , 𝑌𝑉 , 𝑍𝑉 ). In [35], the

geometric relationship between missile acceleration A𝑀 and
relative command A𝑁

𝑅 has been formulated as

A𝑁
𝑅 = 𝜴V𝑅

× V𝑅,

A𝑀 =
[v𝑅 × (A𝑁

𝑅 + A𝑇 )] × v𝑀
v𝑅 · v𝑀

.
(56)

Denote the unit vector along the 𝑂𝑍𝑉 axis as

z𝑉 =
(v𝑀 × z𝐼 ) × v𝑀
∥(v𝑀 × z𝐼 ) × v𝑀 ∥ (57)

where z𝐼 is the unit vector along the 𝑂𝑍𝐼 axis. Then the unit
coordinate vector along the 𝑂𝑌𝑉 axis is y𝑉 = z𝑉 × v𝑀 . If v𝑀
and z𝑉 have the same direction, z𝑉 can be assigned to any
unit vector lying in the horizontal plane. Then the guidance
accelerations in (𝑋𝑉 , 𝑌𝑉 , 𝑍𝑉 ) can be obtained as

𝑎𝑚𝑦 = y𝑉 · A𝑀 , 𝑎𝑚𝑧 = z𝑉 · A𝑀 . (58)

It is worth noting that our guidance law can be easily
extended to intercept stationary targets by setting V𝑅 = V𝑀 . In
this situation, the proposed LOS vector shaping method needs
to be implemented by simply removing the relative guidance
model and the ESO, without any other modifications.

To provide a structured description of the implementation
mechanism, the guidance framework is shown in Fig. 4. As
previously stated, the proposed guidance law is rigorously es-
tablished without the need of switching logic and linearization
procedures.

V. NUMERICAL SIMULATIONS

In this section, numerical simulations are used to show-
case the performance of the FOV-limited guidance law under
various constraints. All simulations initialize the target at the
origin (0,0,0) km, with its trajectory shown as black curves
in the figures. The speed of the missile is 320 m/s, and its
normal acceleration is limited to 100 m/s2. The parameters
for the scaling functions are selected as 𝑅𝑠1 = 0.78𝑅0, 𝑅𝑠2 =

0.8𝑅0, 𝑅𝑠3 = 0.85𝑅0, and the guidance parameters are chosen
as 𝑐1 = 1, 𝑐2 = 0.1, 𝑐3 = 10−5, 𝜇3 = 100, 𝑘1 = 2, 𝑘2 = 1, and
𝜛 = 0.3. Various terminal approach angles, FOV constraints,
target maneuvers are implemented in the simulation respec-
tively, as well as comparative simulations.
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A. Performance evaluation under various approach angle
constraints.

In this subsection, the performance of the proposed guid-
ance law (45) is evaluated under various approach angles
and FOV constraints. In the first group of simulations, the
elevation and azimuth LOS angles are set to −45◦ and 45◦,
respectively, while the pitch and yaw lead angles are selected
as 15◦ and 0◦, respectively. The speed of the target is 30
m/s, and its acceleration is by [0, 4 sin(𝑡/5), 0] m/s2, which
represents the motion pattern of a rapid sailing warship. Based
on the terminal conditions and selection criteria outlined in
(22), we can choose the parameters 𝑛 = [6, 9, 8.5, 7] and
1/𝛽 = [0.1, 0.18, 0.15, 0.14] for the LOS vector profiles. The
resulting trajectories of the proposed approach angle control
guidance law are shown in Fig. 5 for various desired approach
angles.

Fig. 5a) and 5b) demonstrate that the proposed guidance law
successfully meets the approach angle constraints in all tested
scenarios. In Fig. 5c), the flight trajectories generated by the
LOS vector shaping method ensure strict constraints on the
FOV, keeping the lead angle within 60◦ throughout the entire

flight process. It is noteworthy that the relative lead angle
ultimately converges to zero. Furthermore, the acceleration
command encounters no singularities throughout the entire
flight and converges to bounded values at the terminal moment,
as shown in Fig. 5d). Only the components for compensating
target maneuvers are remained in the terminal acceleration.
This is a unique feature of the proposed shaping method that
greatly facilitates the online implementation of our guidance
law for maneuvering targets. Additionally, we can find that the
relative lead angles reach peak values at different moments,
as determined by the shaping method based on parameters 𝑛

and 𝛽.

B. Performance evaluation under various FOV constraints.

Next, various maximum permissible values of the FOV are
selected in the second group of simulations to validate the
performance of the proposed guidance law. The simulation
conditions in this section are the same as in the previous.
For the specified constraints in this subsection, the profile
parameters are selected as 𝑛 = [7.3, 2, 7.1, 1.8] and 1/𝛽 =

[0.05, 0.1, 0.1, 0.25]. The simulation results for the proposed
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Fig. 5: Guidance law applied to various approach angle constraints. a) Flight trajectories. b) Relative ranges and approach angles. c) Lead angles and relative
lead angles. d) Guidance commands.
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guidance law under various FOV constraints are presented in
Fig. 6.

Figures 6a) and 6b) illustrate that the missiles not only
successfully intercept the target but also satisfy the imposed
guidance constraints. As depicted in Fig. 6, the maximum lead
angles for the third and fourth simulation cases (dotted line and
dash-dot line) are limited to 30◦, resulting in straighter flight
trajectories. In contrast, the first and second simulation cases,
with a maximum lead angle of 60◦, generate more curved
flight trajectories. Figures 6b) and 6c) demonstrate that the
proposed guidance law achieves approach angle control and
FOV constraints despite the unknown target maneuvers. Owing
to the safety margin demonstrated in Remark 2, the peak lead
angle in Fig. 6c) does not closely approach the upper boundary.
This highlights the unique property of our guidance law in
managing the FOV constraint against maneuvering targets.

We also need to pay attention to the terminal values of
the generated acceleration commands. Both Figs. 5d) and 6d)
demonstrate that all acceleration commands do not exhibit
any singularity issues as the relative range 𝑅 approaches
zero. At the impact moment, the acceleration curves of the

missiles under different conditions coincide at the same value,
which precisely reflects the component induced by the target
maneuvers. This stands as a significant advantage of our
guidance law that other studies have not achieved.

C. Performance evaluation under various target maneuvers.

This section validates the performance of the proposed
guidance law under a variety of maneuvering targets. The
simulation conditions for various target maneuvers and speeds
are summarized in Table I. The terminal approach angle
constraints are fixed as 𝜃𝐿 𝑓 = −60◦ and 𝜙𝐿 𝑓 = 30◦, while
the FOV constraint is set to 45◦. The profile parameters are
designated as 𝑛 = 3.5 and 1/𝛽 = 0.4, respectively. Simulation
results are illustrated in Fig. 7, where the black curves denote
trajectories generated by different target maneuvers.

In Fig. 7, all missiles intercept the targets with desired
terminal approach angles under different target maneuvers. It
is clearly shown in Fig. 7c) that there is always a safety margin
between the actual lead angle and the maximum permissible
value, regardless of the target’s maneuvers. From Fig. 7c)
and 7d) we can observe that the proposed guidance law
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Fig. 8: Simulation results of the predefined-time ESO. a) Perturbation term of Case 1. b) Perturbation term of Case 2. c) Perturbation term of Case 3.

achieves the zero terminal relative lead angle and bounded
terminal guidance command for all simulation cases. These
results demonstrate that the proposed method exhibits excel-
lent robustness against maneuvering targets.

In addition, the simulation results depicted in Fig. 8 illus-
trate the performance of the designed predefined-time ESO.

Notably, the estimation errors for different target maneuvers
converge to a neighborhood of zero when 𝑅 = 𝑅𝑠 . For all
simulation cases, the settling range 𝑅𝑠 was set to a same value,
which ensures the convergence of observer errors and avoids
the complexity of parameter tuning. These simulation results
emphasize the effectiveness of the designed LOS shaping
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TABLE I: Simulations Cases

Simulation
case

Target acceleration (m/s2) Target speed (m/s)

Case 1 [0, 4 sin(𝑡/9), 0] 30
Case 2 [0, 4 cos(𝑡/9)+3 sin(𝑡/4), 0] 40
Case 3 [0,−1.5, 0] 50

method and the predefined-time ESO-based guidance law in
intercepting maneuvering targets.

D. Comparison Study.

To further demonstrate the superiority of our proposed
method, this section conducts two groups of comparative
simulations. As mentioned earlier, there are few existing
studies on FOV-limited approach angle control guidance for
3D maneuvering targets. Therefore, in the first group of
comparative simulations, our method is compared with the
guidance law in [21] and [22] under stationary target condition.
Furthermore, the second group of comparative simulations
compares our method with the guidance law in [30] and [35]

for a maneuvering target. As previously stated, vector guidance
can serve as a unified tool for intercepting stationary and
maneuvering targets. Therefore, by setting V𝑅 = V𝑀 and
removing the ESO, the guidance law proposed in this paper
for maneuvering targets can be directly applied to stationary
targets.

The comparative results in Fig. 9 demonstrate that all
missile realize the desired terminal conditions for stationary
targets and adhere to the lead angle constraint. A notable
characteristic of the guidance law in [22] is that the lead
angle approaches the constraint boundary early in the guidance
initiation phase, resulting in the saturation of the initial accel-
eration command. On the other hand, the guidance law in [21]
yields the smallest value of lead angle and acceleration com-
mands under identical conditions. However, the convergence
speed of the approach angle error in [21] is relatively slow,
which may affect the terminal performance of the guidance
system. Our guidance law does not exhibit the aforementioned
issues and yields a smoother lead angle profile compared to
the method proposed in [22].

Finally, the comparative simulation results of the proposed
guidance law with those in [30] and [35] are presented in

 

  
       (a)                                          (b) 

      
          (c)                                            (d) 

Fig. 9: Comparison study with guidance laws in [21] and [22] against stationary targets. a) Flight trajectories. b) Relative ranges and approach angles. c)
Lead angles. d) Guidance commands.
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Fig. 10: Comparison study with guidance laws in [30] and [35] against maneuvering targets. a) Flight trajectories. b) Relative ranges and approach angles. c)
Lead angles. d) Guidance commands.

Fig. 10. It can be observed from Fig. 10b) and 10c) that the
proposed guidance law achieves the FOV constraint and the
approach angle control, and its relative lead angle converges
to zero before the end of guidance. However, the terminal
command singularities generated by the guidance law in [30]
may degrade the impact accuracy. Additionally, the nonlinear
mapping method used in [30] makes it challenging to derive
an analytical achievable region. Since the guidance law in
[35] does not impose the FOV constraint, the resulting lead
angles exceed the upper bound of 45◦, as shown in Fig. 10c).
Admittedly, the guidance law in [35] can satisfy the FOV con-
straint by tuning the guidance parameters properly. However,
this complex procedure poses a challenge for mission designer
in determining appropriate parameters before implementation.
In contrast, the FOV-limited approach angle control guidance
law proposed in this paper addresses these challenges by
leveraging the achievable region outlined in (39).

VI. CONCLUSION

A 3D vector guidance law for missiles was proposed to
achieve approach angle control with FOV constraints. First, a
relative coordinate system was used to transform the FOV con-
straint into a limit on the relative lead angle. The zero missile

distance, FOV constraint, and desired approach angles were
achieved by guiding the missile to track a unit LOS vector
profile accurately. Second, a guidance law was designed using
prescribed-time control for capturing maneuvering targets. The
closed-loop stability of the guidance was rigorously proven
using Lyapunov functions. Finally, extensive numerical sim-
ulations demonstrated the efficacy and superior performance
of the proposed guidance law. Unlike most existing studies,
the proposed guidance law and feasibility analysis do not
rely on switching logic and linearization procedures. A future
study is needed to investigate how to apply the proposed
vector guidance to the 3D impact time control problem for
maneuvering targets.

APPENDIX A
PROOF OF LEMMA 1

Similar to 𝜎𝑅, the following relationships can be derived

cos𝜎𝑀 = r · v𝑀 , sin𝜎𝑀k𝑀 = r × v𝑀 . (A1)
cos𝜎𝑇 = r · v𝑇 , sin𝜎𝑇k𝑇 = r × v𝑇 . (A2)

From the definition of V𝑅 , we obtain:

r × v𝑀 = r × (V𝑅 + V𝑇 )/𝑉𝑀

= 𝑉𝑅/𝑉𝑀r × v𝑅 +𝑉𝑇/𝑉𝑀r × v𝑇 .
(A3)
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Substituting (12), (A1), and (A2) into (A3) gives

𝜌𝑅 sin𝜎𝑅k𝑅 + 𝜌𝑀 sin𝜎𝑇k𝑇 = sin𝜎𝑀k𝑀 (A4)

where 𝜌𝑅 = 𝑉𝑅/𝑉𝑀 . To satisfy the FOV constraint, the
following condition must hold:

∥𝜌𝑅 sin𝜎𝑅k𝑅 + 𝜌𝑀 sin𝜎𝑇k𝑇 ∥ < sin𝜎max
𝑀 . (A5)

Using the triangle inequality, the following condition is
required to satisfy (A5):

∥𝜌𝑅 sin𝜎𝑅k𝑅 ∥ + ∥𝜌𝑀 sin𝜎𝑇k𝑇 ∥ < sin𝜎max
𝑀 . (A6)

To ensure (A6), the following condition is necessary

∥𝜌𝑅 sin𝜎𝑅k𝑅 ∥ + 𝜌𝑀 < sin𝜎max
𝑀 . (A7)

Equation (A7) is equivalent to

∥ sin𝜎𝑅 ∥ <
sin𝜎max

𝑀
− 𝜌𝑀

𝜌𝑅
. (A8)

From 𝑉𝑅 = 𝑉𝑀

√︃
1 + 𝜌2

𝑀
− 2𝜌𝑀V𝑀 · V𝑇 , we have 𝜌𝑅 ∈

(1 − 𝜌𝑀 , 1 + 𝜌𝑀 ). Thus, a sufficient condition for the above
equation can be obtained as

∥ sin𝜎𝑅 ∥ <
sin𝜎max

𝑀
− 𝜌𝑀

1 + 𝜌𝑀
. (A9)

Let 𝜎max
𝑅

= asin(sin𝜎max
𝑀

− 𝜌𝑀/(1 + 𝜌𝑀 )). It is clear that if
the relative lead angle remains smaller than 𝜎max

𝑅
, the missile

satisfies the FOV constraint. Additionally, combining (A4) and
(A6) yields

𝜎𝑀 ≤ asin(∥𝜌𝑅 sin𝜎𝑅k𝑅 ∥ + ∥𝜌𝑀 sin𝜎𝑇k𝑇 ∥) < 𝜎max
𝑀 (A10)

where equality holds if and only if 𝜌𝑀 = 0, i.e., 𝑉𝑇 = 0. This
provides a safety margin between the actual lead angle and its
upper bounds, representing a key advantage of the proposed
guidance law. Lemma 1 is proven.

APPENDIX B
DERIVATION OF THE ERROR DYNAMICS

Differentiating (41) with respect to time, we have

− ¤𝑒 sin 𝑒 = ¤r𝑑 · r + r𝑑 · ¤r, (B1)

¤𝑒 cos 𝑒k𝑑 + sin 𝑒 ¤k𝑑 = ¤r𝑑 × r + r𝑑 × ¤r. (B2)

According to (23) we have

¤r𝑑 = − ¤𝜗(r0 sin 𝜗 + k 𝑓 × r0 cos 𝜗) = 𝜴𝐿𝑑 × r𝑑 (B3)

where 𝜴𝐿𝑑 = − ¤𝜗k 𝑓 . Substituting (8) and (B3) into (B1) yields

− ¤𝑒 sin 𝑒 = (𝜴𝐿𝑑 × r𝑑) · r + r𝑑 · (𝜴𝐿 × r)
= 𝜴𝐿𝑑 · (r𝑑 × r) +𝜴𝐿 · (r × r𝑑)
= −(𝜴𝐿 −𝜴𝐿𝑑) · (r𝑑 × r).

(B4)

Combining the above equation with (41), we find

¤𝑒 = (𝜴𝐿 −𝜴𝐿𝑑) · k𝑑 . (B5)

Similarly, substituting (8) and (B3) into (B2) leads to

¤𝑒 cos 𝑒k𝑑 + sin 𝑒 ¤k𝑑
= (𝜴𝐿𝑑 × r𝑑) × r + r𝑑 × (𝜴𝐿 × r)
= (r · 𝜴𝐿𝑑)r𝑑 − (r · r𝑑)𝜴𝐿𝑑 + (r𝑑 · r)𝜴𝐿 − (r𝑑 · 𝜴𝐿)r
= (𝜴𝐿 −𝜴𝐿𝑑) (r · r𝑑) + (r · 𝜴𝐿𝑑)r𝑑 − (r𝑑 · 𝜴𝐿)r.

(B6)

Since r𝑑 ⊥ 𝜴𝐿𝑑 and r ⊥ 𝜴𝐿 , we have −(r𝑑 ·𝜴𝐿𝑑)r = 0 and
(r · 𝜴𝐿)r𝑑 = 0. We can insert these into (B6) as follows:

¤𝑒 cos 𝑒k𝑑 + sin 𝑒 ¤k𝑑
=(𝜴𝐿 −𝜴𝐿𝑑) (r · r𝑑) + (𝜴𝐿 +𝜴𝐿𝑑) × (r𝑑 × r).

(B7)

We can rearrange (B7) using (B5) as

¤k𝑑 = ((𝜴𝐿 −𝜴𝐿𝑑) − (𝜴𝐿 −𝜴𝐿𝑑) · k𝑑k𝑑) cot 𝑒
+ (𝜴𝐿 +𝜴𝐿𝑑) × k𝑑

= k𝑑 × ((𝜴𝐿 −𝜴𝐿𝑑) × k𝑑) cot 𝑒 + (𝜴𝐿 +𝜴𝐿𝑑) × k𝑑
= 𝜴k𝑑 × k𝑑

(B8)

where 𝜴k𝑑 = 𝜴𝐿+𝜴𝐿𝑑−(𝜴𝐿−𝜴𝐿𝑑)×k𝑑 cot 𝑒. This completes
the derivation of the error dynamics.
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